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1. Definitions

The Legendre series associated with the Lebesgue- integrable function of f (x) in
the interval Cl, 1) is given by

f (x)=)  a"  P"(x)  (1)

I;
where dn =(n + i) | f(t) p" (t) dt
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and the Legendre polynomials Pn(x), which are orthogonal in the interval
are defined by the generating function

t @

=  >Pn(x )  2 " .
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Let T = (an.k) be an infinite triangular matrix satisfying the Silverman- Ttieplitz

[4] conditions of, regularity'i"e'

-3-

t=0

& n , n = 0  '  f o r k > ' n

and

i lu , l'M, a finite constant'
L  l * " , u | - '
k=0

Let iu* (x) be infinite series defined in a ( x < b'

m=0

Write

s
S, (x )  = )u " (x ) '

v=0

If there exist a function S(x) such that

n

iu,,n (sn1x;-s1x))=o(1) as n'-) oo

k=0

Uniformly in set E in which S(x) is bounded' then the series

summable by matrix means (T) uniformly in set E to sum S(x)'

We use the following notations'

+ sin(k + 1) t
N " ( t )= *  u " .n -  

. i n i -

V(t) =V(0, t; = f{tos(e - t )}- f (cos 0)

, t
f r  -  . l  '

Y(t;= l l\1l(u)l ou
i,

(4) 
.

Iu,(x) is
m=0
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a2. Introduction

rripathi [5], Prasad & rripathi [2] and Prasao 
[:1nt".:-Y':*::"":::,'-tff:'iJ

ilffitffil"J;''ability methods as *'et as uniform Norlund summabilitv
^r -^. , ,1r  thqn fhose

;:,#.'# "i:**r 
of this paper is to obtain a more general result than those
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of Tripathi [5], Prasad & Tripathi [2] aq4 Prasad. [3] so that their results come out
as particular cases.

Tripathi [5] proved the following theorem on Norlund summability of T egs16r=
series:

Theorem 1: If
t / \

I l r l x tu ) - f (x ) ldu=o l+ lu rn* - ,  (s )
o  

'  " '  
[ P " /

then Legendre series (l) is summable (N,pn) to f(x) at an internal point x of the
interval (-i+ e , 1- e ), e > 0, where {po}is. a real non negative and monotonic non
increasing sequence such that Pn---+oo as n tends to infinite.
Prasad [3] generalized above theorerh for uniform Ndrlund summability in the
following form:

Theorem 2: If cr(t)denotes a function of t, c'1t) and-f ultimately increase

steadily with t,
t " .  (  

t \

J l r lxtu)- f(x) ldu=ol ^_ |  (6)
o [cx(P')]

uniformly in a set E defined in the interval (-1, 1), in which f(x) is bounded as
t-+*0 then the series (1) is summablE (N, pn) uniformly in E to the sum f(x),
wheie {p"}is real non negative and monotonic non increasing sequence such that
Pn--oo as n-r o, provided that

logn =O(cr(P"))as n--' @ holds.

Main theoreml.

I lv(u)lA" (") (A.r,r)
I f  |  _  du=o l  -+ las t ->+O,  (7 ), i  u  t y e )
uniformly in set E defined in the interval Cl, l), 0<11<1, then the Legendre

series (1) is summable by triangular matrix method (T) uniformly in E to the sum
f (x) which is bounded in E, where 'y(t) is positive monotonic increasing function

of t provided t(n) + € as n--+ oo and T = (a".n ) be an infinite lower triangular
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matrix such that the element (an, r) be positive, monotonic
u
I

k  3 t ,  A" , "  =J(an ,n-u)  du ,  fo r0  <u  S n  and An,n  =1  Vn.

0

Lemmas:

Following lemmas are required for the proof of the theorem.

Lemma 1: The condition (7) implies that

| \
v(t)=Jlv(u)l du=o[ + | as t -++0. (8)

o [yH )

Prof. We have

t4l

Since

o(t) =

non decreasins with

l5l

Pro

lv(u)1e", ,,, , Io",gl)
OU =Or

u  [ y (+ ) )
therefore

| | lv(u)lA" r,.r
I lV(u)le" rrl du = I 

"""' u du
J  |  ,  .  ' t  n , \ ; ,

o " o u

=of,o",(*)l ."ffu]
I v t i ) J  t t v 9 )

It o",gl)
=ol ----- - |

I T(+) ./

=[uo(u)]i + io(u)du
0

",tlt i
0

l .
t o u
J
0

Lemn

0 <a.

I
I
t;

where

Lcrnma

t eumr

ilrl. (rf =

Proof. S

,N,( r )=

- (

= (

= (

I  Irr" lA".(+) du > A
0

We get

i ,l.r]Jlv(ul at='
' (il+)J

Lemma 2:I-et N.1ry=i 
". . .$$,,h*

lN"1tl=O(n) uniformly in 0 <t<{

lv(u)l ou.

(e)
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, - .  . . ,  l +  s i n r k+1 ) t l
l^"(t)l=lA u",* ,*; I

=i u- , 
(k + l) lsin t l

?u 
-"'* 

lsin il

( (n+1) I  u" ,u
k=0

- (n + 1)A" , "

= o(n).

Lemma 3: If ( an,f be non negative and non decreasing with k 3r, then for
0 <a < b <oo, 0 <t 3u and for any n,

l b  I

lI u".u e'*'l =o(A",.)
lk=a  I

where t = Integral part of + =[.t] .

Lemma 3 may be proved by the following technique of Lemma 4.1 in Lal [1].
Lemma 4: Let N"(t) be given as in Lemma 2 and using lemma 3, we have

/ t  \

Iw" 1t;l= ol + | uniformly in f < t < 11. (l t)
[ t  )

Proof. Since,sinf > *,0 < t < q < n therefore,,T S n, we have
t "

lN"r,)=li u" -s$#[l' " "' 
l7=o sini I

= of1) lt,,,,.iu- . ",,u*,,,1\ t / l  f i d " "  I

= "[i)1t"" - ..' ll""l
= of4*l

\ t  )
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3. Proof of the Theorem

Following Prasad & Tripathi [2], the k th partial sum of tegendre series (1) is

given by

So(x)-f(x) =;ffi 
{

l-- i 
f{cos(o-t)}-f(cos0) sin(k + l)t

-r--  , \  J  s in fsin I
Jsin(O-t) dt + o(1)

uniformly in E.

where

0 s n < 6 < 1 ,  x = c o S 0 ,  y = s i n 0 ,  0 < 0 < r c '  0 - n = t '  0 < Q < l r e t c '

Now,
a

Iu",o (so1x;-r1x;)
k=0

[r' 
I ot'l +otrl uniformlY in set E'= ol l lvt t l l lN"(,)  

l

= ofipr,l I lN" (r) | *l . "iil\,(t) | lN" 1ty I at.l + o 1r) unirormrv in set E.
r 0  I  L i  I

: t, I 12 + o (1), say. Q2)

In order to prove the theorem, we have to show that under our assumption

11: o (1) and 12: o (1) as n --+ o, uniformly in set E.

Now considering 11, we have

[ *
r, = ol iMrrl I lN" 1t; I at I

l b  I
_!

=-+i r{cos1e- t)}-f(cose) sin(k + 1) t
th/slnu 7,

= o1nlJly1tl l dt
0

= o(n) (v(+)
( r  )- n l - l

Iv(n)/
: o (1) as n --+ oo, uniformly in set E.

$i.4e-ty iu",*
sin(k+l)t 

dt + o(1)
smik=0

T

4

t-

t .

L

,.
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t a r
b t

(1 3)
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Again, for 12, we have

h t
I, = ol Jlrt,l I lN" 1t; I ot I

L * l

= oii lvrtrl a" ' o,l
t 1  r  I
L ; J

f e " "  )_ol ____i_r: I
\ v(n) ,/
( r )
[y(n) /

: o (l) as n ---+ o, uniformly in set E.

Collecting (12) - (14), we get

I: o (1) as n --) oo, uniformly in set E.

This completes the proof of the theorem.

4. Applications

I. Particular cases are

l. If a 
".u 

=*t and y(t)=6x(P,,1) Vt, result
P"

particular case of main theorem.

2. If a"u=Q:-n *0y1,;=j$dvr, result of prasad & Tripathi [2]e" 
' \-/ 

t l ,(t) q,,,

becomes the particular case of main theorem.

3. If a".n=P:-u and y1t;=-fu-y1, result of Tripathi t5l becomes the
Pn tp t , t

particular case of main theorem.

II. Following corollary can be derived easily from our theorem.
Let a sequence {p"},be defined as p(u), monotonic decreasing and strictly positive
for u )0;

(r4)

of Prasad [3] becomes the
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=  p(n) .

If

l lvtolPt*) . / p- )
I  |  ,  \  / r  \u /  

du  =o l  _ : r_ :  l ,  0<n< l
{ u [v(n)i;

uniformly in set E defined in the interval (-1, l), then the I-egendre series (1)

summable by Norlund method uniformly in E to the sum f (x), where 1(t)

positive monotonic increasing function of t provided y(n) -+ oo as n---+ o .
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