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1. Definitions

The Legendre series associated with the Lebesgue- integrable functxon of f (x) in
the interval (-1, 1) is given by

f(x)_:Z; a, P, (x) (1)
|
where a, =(n+1) I-F(t;) P, (t) dt (2)

and the Legendre polynomials Py(x), which are orthogonal in the interval (-1,1)
are defined by the generating function
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Let T=(a,,) be an infinite triangular matrix satisfyin
[4] conditions of regularity i.e..

n
3 a,, ol as noe=,
k=0 : '

g the Silverman- Taeplitz

a,, =0, fork>n

and

2

=0

Let Y u,,(x) be infinite series defined in a <X = b.
m=0
|

an.,‘l <M, a finite constant.

‘Write
5, (x) = X0, x).
v=

If there exist a function S(x) such that -
Y a,, (S, (x)=S(x))=o0(1) as n—>e (4)
k=0
Uniformly in set E in which Sx) is bounded, then the series U, (X) is | -
m=0
, 2
summable by matrix means (T) uniformly in set E to sum S(x)- o
We use the following notations. B
e sin(k+1)t |
N®=)a,—
l\( ) kza n.k Sin _%
WD) = (0, H=Fleos@®—1)}-F(cos)
fo
¥()=[lvw) du !
0
I E
w3
2. Introduction I fe
Tripathi [5], Prasad & Tripathi [2] and Prasad [3] have studied Legendre series by [ 3

hods as well as uniform Norlund summability
obtain a more general result than those

ordinary Norlund summability met
methods. The objective of this paper 1s 10
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of Tripathi [5], Prasad & Tripathi [2] and Prasad [3] so that their results come out
as particular cases.

Tripathi [S] proved the following theorem on Nérlund summability of Legendre
series:

Theorem 1: If

I

[Jfex £ w) )| duzo{%‘—] asn oo, . (5)

0

then Legendre series (1) is summable (N.p,) to f(x) at an internal point x of the
interval (-1+ £, 1- & ), £ > 0, where {p,}is a real non negative and monotonic non
increasing sequence such that P,—o as n tends to infinite.

Prasad [3] generalized above theorem for uniform Nérlund summability in the
following form:

T

Theorem 2: If a(t)denotes a function of t, o (t) andﬁ ultimately increase

steadily with t,

' t

! [f(x+u) f(x)ldu-ov(a(P.t)J (6)
uniformly in a set E defined in the interval (1, 1), in which f(x) is bounded as
t—-+0 then the series (1) is summable (N, p;) uniformly in E to the sum f(x),
where {p,}is real non negative and monotonic non increasing sequence such that
P,—o0 as n— oo, provided that

logn =0(c(P,))as n— o holds.

Main theorem?

i lwwla, g [ An.m]
—— du=o| ——|as t = +0, (7)
u 8§16

! 1

uniformly in set E defined in the interval (-1, 1), 0<n<1, then the Legendre
series (1) is summable by triangular matrix method (T) uniformly in E to the sum
f (x) which is bounded in E, where y(t) is positive monotonic increasing function
of t provided y(n) = ecas n— o and T=(a,,)be an infinite lower triangular
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matrix such that the element (a, ) be positive, monotonic non decreasing with

k <n, A I(am_,)(fu for0<u<nand A, =lVn.

Lemmas:

Following lemmas are required for the proof of the theorem.

Lemma 1: The condition (7) implies that
Y(t)= ﬂw(u)| du= o[y( )Jas t=>4%0.

Prof. We have

W(u)A k.
o(t):}_l 'u B gy [Y(};J

therefore

t L[ w@lA,
“!‘ Iw(u)lAn ) du = ! pEd . “oudu

=[ue(w)]; + io(u.).du_

(EA Y | (A !
=0 "() +0 "() J' dl.l
7’(1) ) ‘f(‘)

Since
! WA, () du> Ammi w(w)| du.
We get

ﬂ\v(ul!d‘ 0( .))

Lemma 2: Let N.(t)=z a,, Silexlye

I ID‘

, than

[N_(¥=0fn) uniformlyin 0<t<i.

®)

)

Lemn
0 <a-

Lemma
Lemm;

IN, ()=
Proof_ S

N, ()=
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Proof:

N (¢ sin(k +1)t
N3 o, S

S}ﬂ_: . (k +1)|sin t|

e lsm—]
S(n+l)_z a,,
k=0

=(n+1)A,,
=0O(n).

Lemma 3: If ( a,x) be non negative and non decreasing with k <n, then for

0 <a<b=<w, 0 <t <mand forany n,
Z an.kem
k=a

where 1= Integral part of 1 =[1].

=0(A, )

Lemma 3 may be proved by the following technique of Lemma 4.1 in Lal [1].

Lemma 4: Let N,(t) be given as in Lemma 2 and using lemma 3, we have

A,
IN, (1)]= [ : Jumformly in t<t<.

Proof. Since,sint> L 0 < t <1 < therefore,T<n, we have

X sin(k +1)tl
Z sint
( ’Im Za f(k+l)l

|
offgo.
o 2 ]

IN, ()=

e

il

(1)
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3. Proof of the Theorem
Following Prasad & Tripathi [2], the k W partial sum of Legendre series (1) is
given by

1 }f{ws(e ~1)}-f(cos®) sin(k + 1)t /sin(@—1) dt + o (1)

S X —'f X) =

W) = | o
uniformly in E.
where

0<n<d<l, x=cosB, y=sinf, 0<B<m, f-n=t, 0<d<melc.

Now,

iar,,k (8, () —£(x)
k=0

dt + o(l)

} fleos(0—1)}—1(cos) sin(k +1)t m—t Z a,, sm(l;+ It

my/sin®

- [h‘l’ (t)l an(t)l dt} +0(1) uniformly in set E.

Dlw(t)l IN, (D] dt] ODN(t)HN,,(t)Idt} +o(1) uniformlyin set E.

~ 1, + 1y +0/(1), say: ’ (12)
In order to prove the theorem, we have to show that under our assumption

I;=o0(1)and I =0 (1) as n — co, uniformly in set E.
Now considering 1j, we have

[ - O[Il\p(t)l IN, ()| dt}
0

= o) ()] d
]

=0(n)(¥(2)

[t

=o0(1) asn— oo, uniformly in set E. (13)
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Again, for I, we have

&

v

[.
= 0 } "ll(t), An.T dt]

I = O!-jl[\[f(t) [IN, (0] dt:]

t

o
=Q|—
¥(n)

G
¥(n)

=0(1) asn— oo, uniformly in set E.
Collecting (12) — (14), we get

I=0(1) asn— oo, uniformly in set E.

This completes the proof of the theorem.

4. Applications
I.  Particular cases are

If a,, =p—P‘-’i and y(t)=0(P,,)) Vt, result of Prasad [3] becomes the

particular case of main theorem.

qn-k B(Q[t]) 2 v
If a ,=—-"% and y(t)=——"— V', result of Prasad & Tripathi [2
n.k Qn Y( ) t?L(‘t’)»q[,] p [ ]

becomes the particular case of main theorem.

P
If a_, =% and y(t)=—"L ¥'t, result of Tripathi [5] becomes the

o Py

particular case of main theorem,

II.  Following corollary can be derived easily from our theorem.
Let a sequence {p,} be defined as p(u), monotonic decreasing and strictly positive
foru =0;
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P(u) = [ p(x)dx; p, =p(n).
0

If
o YQIFG) =°(P—n)’ gsm=l
Y(n)

| u

uniformly in set E defined in the interval (-1, 1), then the Legendre series ( 1) is
summable by Norlund method uniformly in E to the sum f (x), where (1) is

positive monotonic increasing function of t provided y(n) — eeas n— .
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