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uniform version of wiener-Tauberian theorem for
equicontinuous subs€ts of subspaces of Lr(X,p)
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Abilncc The Wiener-Tauberian theorsm for R says thar thc closcd translation invariant subspace
generatcd by an /e Il (R) is Zl (R) if and only if the Fourier tansform/ of / never vanisher*h thrs
paper w€ consider Banach subspace of Il (X, n) and pove the uniform venion of the rysglt for It (X)
and segal algebra s(x) on hypergroup x, where xis locally compact tqpergrcup posscsirig gaar
measur€ t&
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l. Introduction:

Letxbe a locally compact Hausdorfftopologicel space. suppose that there is a
continuous map .r -r 7 tom x into x such ttrat (7) 

-= 
t.l*t F be a regular Borel measure

onXsuchfratsuppp =X.

Let (8, ll . lla ) be a Banach space of firnctions on ,Y contain d in Lt (X , p) satisffing

l l . l la>l l . l l , .Supposethatthereisal inearisometicmapf+f*ftomBintoBsuchthat

(,f *)* =l lrtthere be maps o, c:X+ L(B,B)satis$ing

(B.l) ll o(r) li s C ll r(c) ll < C forall c eXandsome C) l.
(B.2) there exists e e Xsuch that o(e)= I

For ( eB*,the dual space ofB, we define (*(fi=O(f*1. It is ctearthat (*eB* urd

ll0'll= ll / ll. The maps oandr induces o* and r*: X-> //1E* , B* ) defined by
o, (r)QU)= 0@@)f)ad f (00U)= 0(G@)f ).It is clearthat ll o*(c) ll< C,
llr *(r) ll < C and or(e)= l, .

For QeB* urd f eB,we define f aif arrra0sf by f o0@)= Q* (o(r),f ) and
fo i@)= d @@)"f*).

Lemma 1.1. Let Bbe a Banach subspace of ur1X,p) satisSing (B.l)-(B.2). Suppose that
the measure p satis!
(M.1.) The tunction r+f o $@)w:dt+ fsf@) aremeasurable.
(M.2.) For each f eB' and f , g e B, we have
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!, ototz>f)d@) dp(r)= l, o{o{r)f )g(r\dp(.x).

(M.3.) For each f e B, feB*and r e X, we have

G* @)0)* u)=0*@G)f)
(M.4.) For each 0. B* ;f, g e B and r e X, we have

lr  o* {"{ni l  o@)f Q) dp(a)

= I * o @) @* (s) O* (o (t)f ) dP (Y)'

Then, we have, for ./) g e B, Q eB* and r eX

( i )  fo0,  0of  e  L-  (X,  p)cB*

(iD Uo i l* = Q*sf*
( i iD, f  o  ( r  *  ( r )  i l@)= fs  0 Gl

(i i i ) , f  o (go 0) @) = I* g@)(fso' (: | 'D0\ @) dp(v)

Proof: The proof of (i) and (ii) are same as in (31, l,emma 3.1)' For (iii)

(f  o (r* @)0 D(e) =(t* (t) 0\* @(e)f )

= (r* (z)0)* U \ =0* @G'tI) (using M.3)

= fs i(7).
For (iv)

fo(goi l@) =0* sf (o(t) f)= Ir l 'sf  @)(o(t)f  )Q)dp(a't

= Ir o'@(!)g)(o(r)f \t0dp(v)

= 
| gQ)@* @)il+ @ (z) f ) dP(a)

= [re@)Uo o* (lDQ)@)dP(0' tr

Theorem 1.2. Let X be a separable tocalty compact HausdorlJ'topological space' Suppose

that B is a Banach space offinctions on X satisfying (B.1.)-(B .2.) and p a measure satisfying

(M.1.HM.4. \. Let 76 c B be such that loi, : h e 7A I is uniformly equicontinuous' Suppose

tha t thereu is tshoes(suchtha t lh ( t \ l s lho( r ) l  and l lh l l6< l l / ro l la  fo ra l lhe%andtex .

Let'tI c S{ be such that rt (00 eU for all r e X and 0 e'tl. If g e S,B aU andfor any

r,g eX,goo+(t)rt(g)Q vanishes at infrnityfor Q inu thenhs Q vanishes atinfiniQfor

d inXLandhinfr t .

Prooft Assume to the contrary that there exists d> 0 such that for every compact set K in X

rhereex is ts  r reX*  K ,hreT6and0reU sa t is f ing  lh ro  0 r ( r r ) l>  d '

SinceXis separable and locally compact soXis d-compact. Thus there exists an

increasingr"qo.nra lKnln.ry ofcompactsetwith KocintK2al andforFanycompact

I
I

a

I

I

I

{
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subset inXthere exists no with F c Kno.Write hyo: ho, fixo= Qrarrd t yo- ro. We defure a

sequence of functions onX by

so( r )  = (hn@ r*  G)0)@)

I sn (r )l = I (r 
* (7"\0")* (o(t) h"l

< ll (r* @)0")* lla* ll (o(c) hrlls

< c' l l p,lla* ll h,11, s c2

Therefore soe L' c B*.

Since.t + @1(.r) is uniformly equicontinuous so for given e > 0 there exists a

neighbourhood Urof t inXsuch that for A eU,

ll oa (r)- Or (y) l[ < elC fot all h e76.

Thus for g e (Ja, we have

I s, (c) - so (v)l = | (r 
* (7) 0)* @(r) h; (o(v) h)l

s ll(rt (7){ollnr ll(o(c) ho-@(Oh)lln

s C ll Qoll"* ll oro (s) ll-oro(y )l[

<cllonlD -c|1,o(a lla< e'

By Ascoli's theorem ([2], Theorem 1.3.2) thoe exists a pointwise convergent subsequence '

{Sz; } converging to a continuous fuirction s on X. Thus for frxed 4g in X

(o(t)g)* (y) so;@)'+ (o("r)g)* (y) s(v) as i+ o

also l(o(s)g)*1y)sr(U)lsc2l(o(c)g)*(y)l

and (o(.r)g)* e B c Lr (X, tt), so by Lebesgue dominated convergence theorem

!*{o{r)d*@)soi@)dp(0+ lr{o{t)e)* 
(v)s(v) dp(o as i+o

e go sor( . ; )+9os(c)as i+  t .

But  gosor( t )  =(go (hrot* (7n)o"rDG)

= 
l* h,@) g @ o* (v) t * (ioi) tot@) dp (v)

= 
Ix Yfi@)dp($ (usingl*mma l.l(iv)

Since g o or(g)t (.r) /ranishes at infinity uiformly for Q e'll so therc exists a compact set

Kl such that

lsoo* (v){(7o)Lr@)l<t

whenever r e Kp

lvfi@)l < lfro (y) | I go o* (s) t* Go) 0r@)l

s I ho@) lll o* (u ) r ' (ini\ 0ry1$ * ll o(t)gll a

<  c 3 l h o @ ) | .
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Applying kbesgue dominated convergence theorem

[r vf,@)aa@) -+ o as ir-+ @.

?  g @ s o t ( r ) - + 0 a s 7 + o .

s o g o s = 0 b u t g e  U s o s = 0 .

But sr(e)= hoo r* (7") Q"@)

= (r* (7n) 0")* (h)

=  Ol  @@,)h)=  hno Qo@)

solsn(e) l>d Thus ls(e) | 2 d whichisacontradiction n

We now note that (B.l) - (8.2) and (M.l) - (M.4) above are satisfied ifXis a locally

compact hypergroup possessing a left Haar measure p (in particular, ifX is a locally compact

group)and8= L'(X,p). tnthis case o(t)f :rf .

Definition 1. 3 : A hlpergroup is a locally compact spacexand a binary mapping

(r,V )+ p, * pv of X x X nto M(X) satisffing the following:

(i) The mapping (t,a) -+ pa * puexlends to a bilinear associative operation * from

M(X)x M(X) intoM(X) suchthat

l ror* r  =lr l* l* faf n,* Po)dp(t)dr@) foral l  /ecs(r) '

(ii) For each r,g e x,the mqNure pr * P, is a probability measure with compact support.

(iii) The mapping (p,D-+ p17 is continuous from M*(n* M* (n into M+(X) where

M+(X)is given the weak topology with respect to the family Cof (X) w {t} '

(iv) There exists an element e inXsuch that pt * P"= Pe * ptfor all t eX'

(v) There exists a homeomorphic involution r -+V of X onto X so that given qg e X, we

have e e supp (pe * p, ) if and only if A =7 and (p' * p o)- = Pg * P 7'

(vi) The map (r,y )-+ supp (pr * p, ) is continuous fromxx xinto the space c (x) of

compact subset ofx, where c (,! is given the topology studied by Michael, a sub basis

f o r w h i c h i s g i v e n b y a l i C u , v = { A e C ( X ) : A a U * Q n d A c V \ w h e r e U ' Z a r e o p e n

subsets ofX.

we now note that (B.l) - (8.2) and (M.l) - (M.4) above are satisfied ifxis a locally

compact hypergroup possessing a left Haar measure p (in particular, ifX is a locally compact

group) and B = t'(X, p).In this case o(r)/' = rf '

Since ll tf l l, <ll ,f l lso lla(s) lls I forall r e X'T\e map r onXis given by

r(V\f = L(g)fa.For fe B.

I

F
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llt($f l[ < ̂  (y) I* | f l(r * y) dp(t)

: ^ (y )tG) !x I f l(t) dp(t)

= ll "f lL ([ l], 5.3B )
Thus llr(y)ll < I for allg e X.

For fen,f*(r)=ffi
For Q e B* = L* (X, p) and f e B,

o*(fl= !*;rt 'tf* svapsl= Ir!*#dp@)

-- t tG)fttt
t ,  L( r )LddP( ' )

= lr otllf @\dp(r)

Thus f (0=0(7)

o*(t) 0 : i0 na r*($Q :k.

.f o 0@) : Ir 0*tu) J@)dp(s)

= [r O<Ul f @ *s) dp(s)

= f * Q @ )

(M. l) - (M.2) are satisfied as in ([3 ], lemma 3. l). For (M 3), let f eB, 0 e B*, r eX,

(f(t)il* (n = !x tz{vlffiaarst

= | !g.nf(g) '"'"'= lx@aF\a)

= lroQ*i)f(s)dp(s)
= I* l* 0T)f@)dp(s)dp,*nn@)

= [*O*{t*i lf@)dp(v)

= !  o*@*0f@)dp(u)
= l* fG *0c*@)dp(o (l 1,5.1 D)

= 0*@(7) f )

For (M.4), let ( e B*,f, g e B and r e X

\
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!, o* {" {n d@ @) f) (s) dp (y)

= h I, $(Ds@ *u)f(r *Ddp(DdP(u't

= !* | 0@)s@) zf(u*qdP(u)

= lr e@ I/+P ,r(u)dp(u)dp(s)
^(y)

: !* I* g@\0* @* s') 'f(u)dtt(v\dtt(u\

= I* I* g@)OQ *i) rf(u)dP(s)dP(u)

: I* g@)(o*(00)*@(r)f)dp(0 tr

Thus we have the following generalization from separable locarly compact group G to

separable locally compact hypergroupX([3], Theorcm 2.3)

Theorem 1.4. Let X be a separable locally compact lrypergroup possessing a left Haar

measrre p Let 76 c Lt(X) be such tha thefanity {c01,: h e 761 is lef uniformly

eqdcontinuow. Suppose that there qists lue St such tha I h (t)l < | /lo (t)l for all h e 76

andt e X. Letll c,So be brtftanslationilwariant.If g eUo and g t a(r) -+0 as r' -+ q

unifurmlyfor a ell thenh* a(t)+0 as t+ @ uniformlyfor a eLl andh e 76.

2. Segal Algebras on IIYPergrouPs

Let Xbe a locally compact hypergroup possessing a left Haar measure p . Segal algebras

on locally compact hypergroups have studied and defined in [5] and [8] (For Segal algebras on

groups see [4].

Definition 2.1, Let S(X)be a subspace of lt14 which is a Banach space under a trolm

ll . ll, such that ll . lls > ll . llt md

S(r) S(X) is dense inLt(n.

S (ii) S (X) is left nanslation invariant and for some ? > 0,ll , f lls < ? ll ,f lls

For each f eS (Y) and t eX,

s(iii) For each f es(x),themapping r-+ af ofxintos(x) iscontinuous.

Then S (X) will be called a Segal algebra. S (X) is said to be symmetric Segal algebra if for

feS(X) , f * .5 (X)where

f*(r\= 
/(7) -a ll / lls = ll I lls
A(.r)

In fact s(x) is Banach algebra under convolution. This can be seen as in ([6], $ 4) Using vector

valued integrals as in ([6], $ I I, Lemma l), the following result follows

Lemma 2.2. Far any ( e (s (x))* ,f e l(n and g es (x), the following hold.

l24l
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(r) iU*il= l* ttvl|tsddp(s)
If S (X) is symmetric, then

(ii) Q@*f ) = 1" ftvlQ@s,)dft(a\.

LetB =S(,Y)beasymmetricSegalalgebra.Taking o(r)f =r;f and c(V\f =1,(g.fo we

have ll o(u ) ll < I and llr(c ) ll 5 I for all r e X. Note that (g /) * = A (y) (,f* )e. Since

r + r f is continuous so c +f'o l("2) and r + 0 o"f(r) are measurable. Thus (M.l) is

satisfied. For S e (.S (X))*, f , 9 e S (X), we have

l* o{z"f'to*@)dp(t)

I  t t  
" ,  

g * (D
= Jr Q(,"f)iiriaa(.r) = Ir il,f)g(t)dp(r)

Thus (M.2) is satisfied

(G* @)A' U) = 0 G @)f* ) = ,g@)(f\,
= 0 (( i"il*) = O+@G)"f )

For (M.4), let / e S(X)t ,f, g e S(/) and .r E Xwe have

! r O' {o {n e\ a(0 f @\ drr (v)

= [ r ort{rd);f(s\ap@l,
= 0@'*  ( .2 . / ) r )

= 0*Gf * g\

= t* a*tilo(sGf)t\da@)

= lr o@'t0QG.n\dP@\

= Ir g@)(or(s>ilr@@).f)dp(s). tr

Thus (M.4) is satisfied. Henoe we have the following uniform version of the Wiener Tauberian
Theorem for Segal algebras.

Theorem 2.3. La X be a locally eompact hypergroup possessing a Iefi Haar medsure p
Suppose that S (X) is a symmetric Segal algebra on X. Let 76 c S (X) be such that thefamily

{c\ : h e76 } is lelt uniformly equicontiruous. Suppose that there exisn hs e q (unit ball in

S(.Y))sachthat lh(t) l<l f ro(t) landl lhl lssi lnof ioforal lheT6and teX.Let l tcSa(unit

bal l  inS(X)r)besuchthat o.@) eU foral l  (e| l . I f  g eUo andgo a(c)-+0asr+o

uniJbrmlyfor a ell, then h @ a (.t)+ 0 as r + @ unforinlyfor a e 7l and h e 76.

3. Eramples:

l*tX be a unimodular locally compact hypergroup possessing a left Haar measure /.



126l C.R. B}IATTA

(a) ^S(,9= Lt(n^N(n (l sp<o)

ll./lh = ll.flh+ ll"fll p

Then S (,f) is a Segal algebra

.9(i) follows since C.(,Y) is dense in S(X)

S(ii) ffilows ftom ([], 3.3 B)

S (iii) follows from ([], 5.4, 228)

Clearly E(X) is synumetrlc

(b) S(X) =l,t(E ̂ Co(h

ll .f lls= ll .f lh + ll .f ll-' f e s(E

ThenS(,D is a Segal algebra

S(i) follows since Co (X) b dcnsc inS(X)

S (ii) follows from ([U, 3.3 B)

S(iii) fcino\ps frqm (U, 2.?8,42n

Notc that S(,Y) is ryrune'nic since fl/r lL = ll.f lL .
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