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Uniform version of Wiener-Tauberian theorem for
equicontinuous subsets of subspaces of L'(X,x)
C.R.BHATTA

Abstract: The Wiener-Tauberian theorem for R says that the closed trans!alion invariant subspace
generated by an fe L' (R)is L! (R) if and only if the Fourier transform f* of f never vanishes. In this

paper we consider Banach subspace of L' (X, m) and prove the uniform version of the result for ! (X)
and Segal algebra S(X) on hypergroup X, where X is locally compact hypergroup possessing Haar

measure L.
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1. Introduction:

Let X be a locally compact Hausdorff topological space. Suppose that there is a
continuous map z —» Z from X into X such that (¥) ™= z. Let 4 be a regular Borel measure
on X such that supp z = X.

Let (B, || . || ) be a Banach space of functions on X contained in L'(X,x) satisfying
II-llg 21l II,- Suppose that there is a linear isometric map f—> f* from B into B such that

(f*)* =f Let there be maps &, 7: X — L(B, B) satisfying
(B.1) |loe@|sC,| 7(x)||<C forall zeXandsomeC2 1.
(B.2) there exists e € X such that o(e) =/

For ¢ e B*, the dual space of B, we define ¢ *(f)=¢(/"). It is clear that ¢ *B* and
I¢*11=1l ¢ |l The maps orandr induces o* and v*: X— L(B*, B*) defined by
o* (z)p(f)=¢(a(2)f) and 7* (2)¢(f) = $((x (2)f ). It is clear that || o *(2) | < C,
[t*z)[|<C and o*(e)=1.

For ¢ €B*and f B, we define /@4 and ¢ f by fog(z)=¢*(c(x)f )and
fe ¢@)=¢(a(Z)[*).

Lemma 1.1. Let B be a Banach subspace of L'(X,u) satisfying (B.1)~(B.2). Suppose that
the measure y satisfy

(M.1.)  The function z - f @ ¢(z) and z— ¢ ® f(2) are measurable.

(M.2)) Foreach f €B’and f, g € B, we have
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[ #e@Ng @ du@)= [, $(0(2)f)g (@ du(2)

(M3) Foreach fe B, B and z € X, we have
(r* (@9)* (N)=¢*(c@)f)
(M.4.) Foreach ge B* ;/, g € Band x € X, we have
[, #* @@ o@) @) duy)

= [, 9@ (@* WP* (@ ()f) du ().

Then, we have, for f, g€ B, g eB*and r X
() feg,pofel” X, u)cB"
(i) (fog)*=¢*of"
(iii) £ o(r *(z)$)(e)= [0 ¢ (T)
(iii) fo(ge )@=, gW)(fec* W) (=)duy)

Proof: The proof of (i) and (ii) are same as in ([3], Lemma 3.1). For (iii)
(fo(r* (2)¢ ) (@=(z*(2)#)* (c(e)f)

= (t* @) (f)=4*(0(3)f) (usingM3)
= fo $(@).

For (iv)

fo(ged) @) =¢*eg* (c(@f)= [, #*0g* W) (o (@f )W) du )

= [, #*(c@9)(e@)f )Xy) du(y)
= [ 9@)@* W#)* (@) )duw)

= [y 9@ (feo* @¢)a) du(y) =

Theorem 1.2. Let X be a separable locally compact Hausdorfj topological space. Suppose
that B is a Banach space of functions on X satisfying (B.1.)~(B.2.) and yt a measure satisfving
(M.1.)-(M.4.). Let 36 < B be such that {®, - he 0} is uniformly equicontinuous. Suppose

that there exists hoe SE such that | h(t)| < | ho (1) and || hl|z < || Bollg for all h € 76 and t €X.
Let U c SP* be suchthat t* (2)p €U forall x € Xand peWU. If g€ SP U and for any
z,y € X, g ooc*(x)r*(y )¢ vanishes at infinity for ¢ in W then h © ¢ vanishes at infinity for
¢ in'Wand hin 0.

Proof: Assume to the contrary that there exists 6> 0 such that for every compact set KinX
there exists 2, € X~ K, hy € 76 and ¢, U satisfying |y © P (zy)|>0

Since X is separable and locally compact so X is o-compact. Thus there exists an
increasing sequence {K,, }, e 0f compact set with K, c int K, and for F any compact

m~m»
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subset in X there exists o with F < Kno, Write he = hy, #g,= ¢yand T g, = z,, We definea
sequence of functions on X' by
$p(2)=(h,© 7*(,) ¢, (2)
| 55 (@) =1 (r* (@) 80 )* (0(2) b, |

<[ G* @) da)* lg* | (o(2) Ay llp

<C?| gyllg* I hylly <C*
Therefore s, € L* < B*.

Since x —» ®,(z) is uniformly equicontinuous so for given € > 0 there exists a
neighbourhood Uy of x in X such that fory eU,.
| @5 (2)-Dp (y) || < €/C forall h €70
Thus for y € U, we have
| 5 (2) =5, W) = | (7% () $)* (0(2) by~ (' (Y) Byl

S [ (7 * (@) tullg* 1| (0(2) hy=(a @) hy) 5

SCll gullg* @4, () 104, W)l5

<C|| 9y, (2) - Yl < €.

By Ascoli’s theorem ([2], Theorem 1.3.2) there exists a pointwise convergent subsequence
{Sn;} converging to a continuous function s on X. Thus for fixed z,y in X

(0(99)* W) 5y,(W) > (6 (2)9)* V) s(y) as j—>
also |(e(D9)* () s, )| <C? | (a(2)9)* ®)|
and (o(2)g)* € Bc L' (X, i), so by Lebesgue dominated convergence theorem
[, @@ * W sy @@~ [, @@)9)* W)s W) du(y) asj—>»
= gesy(.t)—tg@s(z)as Jj—ro,
But 90 5,(2) =(g0 (hy@ T * () ¢, ) (2)
o=y @) goo* )T Gy) b, (D) )
= [ Vi@ du() (using Lemma 1.1(v))

Since g © o*(y) 1 *(z) ¢ vanishes at infinity uniformly for ¢ €U so there exists a compact set
K such that

1g00™* () 1* () by (@ <}

whenever z € K

lVi,-(y,_)l < |h@llgeo*®) f‘(i.j)h,-(-r)l
< |h,@|lo* @) ‘('f.,-) ¢,5.II, *|o(@glls
< C?h@)I.
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Applying Lebesgue dominated convergence theorem
[ Vi, @)du (@) =0 as j—> .
—> ges,,j(.r)->0asj—+ac~.
soges=0butge Usos=0.

Bat su(€)= ny© T*(Zn) By (e)
= (@) )" ()
= gt (0(Z )hy) = hy© (L)
505, (€) | > Thus | s (e) | = & which is a contradiction. o

We now note that (B.1) — (B.2) and (M.1) — (M.4) above are satisfied if X' is a locally
compact hypergroup possessing a left Haar measure (in particular, if X is a locally compact

group) and B = L'(X, #). In this case o'(z) f = /.

Definition 1. 3 : A hypergroup is a locally compact space X and a binary mapping
(7Y )= py # p, Of Xx X into M(X) satisfying the following:

(i) The mapping (£,y) = P * p,extendstoa bilinear associative operation * from

M(X) x M(X) into M(X) such that
[y r=[, [ [ 74P+ p,)du@)dr @) forall feCy(a).

(i) Foreachr,ye X, the measure p, 4 p,isa probability measure with compact support.
(iii) The mapping (4,7)—> 4 %y is continuous from M *(X) x M (X) into M *(X) where |
M*(X) is given the weak topology with respect to the family Cor (X)u{l}-
(iv) There exists an element e in X such that p, # p,=p, » p, forall z € X.
(v) There exists a homeomorphic involution -1 of Xonto X so that given 7,y € A, we
have e € supp (po p,) ifand only if y=Z and (p = py)" =Py* P53
(vi) The map (z,y)—> supp (p: = p, ) is contintous from X x X into the space C (X') of

compact subset of X, where C (X) is given the topology studied by Michael, a sub basis
for which is given by ali Cyy ={4eC(X): AnU # ¢ and A c ¥} where U, V are open

subsets of X.

We now note that (B.1) - (B.2) and (M.1) - (M.4) above are satisfied if X is a locally
compact hypergroup possessing a left Haar measure (in particular, if X is a locally compact

group) and B = L'(X, x). In this case a(2)f = ..
Since || /I, <1 /I s0 ||o(2)]| <1 forall z € X The map T on X is given by

+(W)f = Aw)f, For f€ B.
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lr@ /i <AQ) [, | £1(z*y) du(2)
=AWAD [, 1712 duz)
=/l (C1,538)
Thus ||z(y))| < 1 forall y € X.

For feBf (.t)-fm

A(x)
For ¢ € B* = L (X, yi) and fe B,

# (D= [ 41 @du(d= [ 20

& Ix V()f(-f)” du@)

$(2)f (@)

AQ) du(z)

A(T)A(Z)
= [y 4@ 1@ du()

Thus ¢* (2) = ¢ ()
o*(2) 4 = z¢ and 7 *(V)¢ =¢;.
fo¢@ = [, *W) SWduy)
= [ $(D ey duy)
=f*¢(2)
(M.1) - (M.2) are satisfied as in ([3 ], lemma 3.1). For {M.3), let /B, & B*, r X,

P () = [, #2004 4w

Py*2)f(§)
= IX—T(y)—dﬂ(y)

= [ $@+ D) fW)du()
= [y [, #G)f (W) du(y)dpz o P, (0)
= [, #* @+ y) S (Y)du(y)
= [¢*@enf@ du)
= [ F@»y)#* W)duy) ((11,5.1D)
= $*e@/)
For (M4), let ¢ € B*, f,ge Band e X
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[, #* (@@ 9@ NW)dry)
= [y Iy #@g@ »u) f(z +y)du@)du )
= [y Iy #@9@) =f (s y)dpu)

)
- [ 9@ [y /W@

= [ ] 9@ (w*9) W) du(y)duw)
= [, [, 9@$(@ »i) 2f () du(y)duu)
= [, 9@)@* WH* (o () du(y) O

Thus we have the following generalization from separable loca'ly compact group G to
separable locally compact hypergroup X ([3], Theorem 2.3)

Theorem 1.4. Let X be a separable locally compact hypergroup possessing a left Haar
measure . Let 76 < L'(X) be such that the family {®y, : h € F6} is left uniformly
equicontinuous. Suppose that there exists ho€ S\ such that | h (1)| < ho (1) | for all h € 76
andt € X. Let U c S be left translation invariant. If geUpoand g+ a(r) > 0asz > »

uniformly for a €W then h * a(z) — 0 as x — @ uniformly for a €W and h € F6.

2. Segal Algebras on Hypergroups

Let X be a locally compact hypergroup possessing a left Haar measure u . Segal algebras
on locally compact hypergroups have studied and defined in [5] and [8] (For Segal algebras on

groups see [4].
Definition 2.1. Let S(X) be a subspace of L'(X) which is a Banach space under a norm
|| - [|g such that || . [l 2|l . [}, and
S(i) S(X)isdense in L'(X).
S(ii) S(X)is left translation invariant and for some 7> 0, || flssnl [l
For each f €S (X)and x eX.
S (iii) For each fe S (X), the mapping z — [ of X into S (X) is continuous.
Then S (X) will be called a Segal algebra. S'(X) is said to be symmetric Segal algebra if for
e SX), fe S (X) where

rr@= ﬁ‘;-; and | £ lly =17 I

In fact S(X) is Banach algebra under convolution. This can be seen as in ([6], § 4) Using vector
valued integrals as in ([6], § 11, Lemma 1), the following result follows

Lemma 2.2. Forany ¢ € (S(X))*,f€ L'(X) and g €8 (X), the following hold.
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(0] f(f*9)=fx S Ga)duy)
If §(X) is symmetric, then

(i) $g*f)=], fWgsan(y).
Let B = (X) be a symmetric Segal algebra. Taking o'(x)f =, f and r(y)f =A(y) f, we
have || o(z)||<1and ||z(z)| <1 forall x € X. Note that (g/)*=A (f*)y Since
r— ; f is continuous so r— f@ ¢(zr) and xr — ¢ @ f(x) are measurable. Thus (M.1) is
satisfied. For ¢ € (S (X))*, 1. g € S (X), we have

[y #Gg* @) du(z)

=[, mn%’%—wup J #Ca)g@)du (@)
Thus (M.2) is satisfied
(@ @O* (/) = @) =pA@(*);

=4 (/1) =#* @)

For (M.4), let ¢ € S(X)* , f; g € S(X) and .r € X we have
[, #*(e@g)o(2) f(y)du(y)

= [, #* G S @ du)

= 4(g*+ ()

= $*f »9)

= [y S @GN duw)

= [, 9@ () duty)

= [, 9@ @) * (@@ f) duty) o

Thus (M.4) is satisfied. Hence we have the following uniform version of the Wiener Tauberian
Theorem for Segal algebras.

Theorem 2.3. Let X be a locally compact hypergroup possessing a lefi Haar measure .
Suppose that S (X) is a symmetric Segal algebra on X. Let 76 S (X) be such that the family
{®y,: h €3} is left uniformly equicontinuous. Suppose that there exists hy €S, (unit ball in
S(Y)) such that |h(t)|5|ho(t)4|mdllh-]|gsllhonsforallh"e 26 and t € X. Let U C S« (unit
ball in S (X)*) be such that c* (x) e U forall e U.lfgelUs andge a(2)—>0asr—> o
uniformly for a € U thenh ® a(x)— 0as z— @ uniformly fora € # and h € 7.

3. Examples :

Let X be a unimodular locally compact hypergroup possessing a left Haar measure s
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@ SEW=L'XNnLX)(1<p<wx)
I lls=0AT+ AN o
Then S (X) is a Segal algebra
S (i) follows since Cy, (X) is dense in S (X)
S (ii) follows from ([1], 3.3 B)
S (iii) follows from ([1], 5.4, 2.2 B)
Clearly S(X) is symmetric
®) SO =LIX) N CX)
I fls=0L M+ I f s SE€SE)
Then S(X) is a Segal algebra
S(i) follows since Cy, (X) is dense in S (X)
S (ii) follows from ([1],3.3 B)
S (iii) follows from ([1], 2.2B, 4.2F)
Note that S(X) is symmetric since ||/ = 1 o -
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