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\llstrilct: In this note we prove that under a semi-continuous and alnrost 'pen::rapping the image of a Baire space is also a Baire space and as a resurt inrpror,.l' ' theorem of Dasgupta and Lahiri [3]. Furthe..rro.., a theorem o{-Noiri [6] on:resolute nrapping is improved in this process.
Ke*r'orcls and Phrases: Semi-contlnuous and almost co.tinuous nrapping...nost open and leebly open mapping, Baire spaces.
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I. INTRODUCTION

: ;s *'ell known that under a continuous and open mapping. the image of a Baire:ace is also a Baire space. Dasgupta and Lahiri t3] and Frorik [4] reachecr the-:rr.re conclusion under weaker hypotheses. tn thi. not. we prove another-::ieralization of this classicar theorem which improves the result of Dasgupta and''riri [3] and is independent from that of Frolik [a]. In this process we arso-'rrove a theorem of Noiri (Theorem 3 of t6l) *ti.i telrs rvhen u ,nupping i,*:solute' 'l'ruoughout 
the paper X, y denote topological spaces, $ the emptl,set.:re set of real numbers and u the usual topology. Th. 

"rorur. 
and the interror' ; Ser A c X is denoted by Int A and C/ A respectively.
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2. PRELIMINARIES

Definition 1.1 Let A c X. Then

(a) A is said to be semi-open [5] iffthere exists an open set O such that O c A c
C/O, or equivalently, A c C/Int A. The union of all semi-open sets contained
in A is called the semi-interior [3] of A and is denoted by SInt A (b) A is said
to be semi-closed [3] itr the complement of A, {, - A is semi-open. The
intersection of all semi-closed sets containing A is called the semi-closure [3]
of A and is denoted by SC/ A.

Remark 1.1 It is known from [3] that SC/ A is semi-closed and SInt A is semi-
open.

Definition l.2Letf : X + y beamapping. Then
(a) /is called semi-continuous [5] if for each open set v in y,/t(v) is semi-open

in X.

(b) "f is called almost open (in the sense of Rose) tTlif JU) c Int c/l(u) for
every open set Uin X.

(c) / is called almost continuous t4l if for every open subset v of y,

F' ry) c Cl Int/' (v).
(d) /is called feebly open [4] if A c X,Int A r* $ :+/(Int A) r. d.
Remark 1.2

(a) The notions of semi-continuity [5] and almost continuity [4] are the same in
view of Definition l.l (a).

(b) Every continuous mapping is semi-continuous but the converse is not
necessarily true (see [5]).

(c) Every open mapping is almost open (feebly open) (see [7], ([4]), but the
converse is not necessarily true (see Example 2.2 and(Example 2.1)).

Theorem 1.1 [3] A set A c X is semi-open iffSlnt A = A and A is semi-closed iff
S C / A = A .

Theorem 1.2 [3] IfA c X, then Int A c slnt A c A c sc/ A c c/A.
Theorem 1.3 [5] If A is a semi-open subset of X and B c X such that
A c B C/ A, then B is semi-open in X.
Lemma'1.1 [3] A set A c X is semi-closed iff there exists a closed set F such that
I n t F c A c F .

Lemma 1.2 t3l For any A c X, SInt A -X - tSC/ CX-A)l
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Theorem 1.4 [7lA mapping f : X + Y is almost open iff/r (C/V) c C/.fr 1V;,
for every open V c Y.

Theorem 1.5 [3] Letf : X + Y be surjective, open and semi-continuous. If X is a
Baire space then Y is also a Baire space.

Theorem 1.6 [4] Letf : X -+ Y be surjective, feebly open and almost continuous.
If X is a Baire space then Y is also a Baire space.

3. IMPROVEMENT OF CERTAIN THEOREMS

We start this section from the following theorem of Noiri [6].
Theorem 2.1 (Theorem 3 of 16l. If f, X + Y is an open and semi-continuous
mapping then the inverse imageft (B) of each semi-open set B in Y is semi-open
in X. Our purpose is to set this result ih a more general context. More precisely,
we shall prove that the openness of the mapping can be replaced by the almost
openness of the mapping and henceforth making an improvement (in view of
Remark 1.2 (c)) of the above theorem.

Theorem 2.2 If f : X + Y is an almost open and semi-continuous mapping, then
the inverse imageft (B) of each semi-open set B in Y is semi-open in X.

Proof. Let B be an arbitrary semi-open set in Y. Then there exists an open set V in
Y such that V c B c C/ V. Since/is almost open, we have,/' (Cn| c C//r 69,
by Theorem 1.4. Again since/is semi-continuous,fr (V) is semi-open in X. Thus

tr ry) c,f' (B) cCtft (V) and so;' 1e; is serni-openin X, by Theorem 1.3.

Before going to our main theorem (Theorem 2.6) we shall prove some ancillary
results in the following.

Theorem 2.3 Letf : X -+ Y be surjective and almost open. Then if B c Y is dense
and open in Y,/r (B) is dense in X.

Proof. Let B be dense and an open subset of Y. Then since/is almost open, by
Theorem 1.4 we have,

f' (ct B) c ct ft (B) =+,ft (y) c c/ft (B) = X c c/t' 1n) =e/r 1n) is
dense in X.

Theorem 2.4 Ac D is dense in X iff SC/ D = X.

Proof. Let D be dense in X so that by Theorem 1.2, Sc/D c C/D = X. Since SC/
D semi-closed by Remark 1.1, there is a closed set F c X such that Int F c SC/ D

F
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c F by Lemma 1.1.  But by Theorem l .2.Dc SC/ D c F and so X :  C/D c C/F.

Thus F : X and we get X : Int X c SC/ D c X, which impliesthat SCi D = X.

If SC/ D = X, then because by Theorem 1 .2, SCt D c C/ D, it follo'*'s that C/ D =

X and so D is dense in X.

Remark 2.1 The above theorem is an improvement of the requirement that D is

dense i f f  C/ D: X.

Theorem 2.5 A set D is dense in X iff the complement of D has empty semi-

interior.

Proof. If D is dense in X, then by Theorem 2.4, SCI D = X and so in Lemma l'2,

replacing A by X - D we obtain, SInt (X-D) = X - SC/ D : 0. Onthe otherhand

if SInt (X - D) = $, then we obtain X - SC/ D = SInt (X - D) = Q and so

SC/ D = X. Hence D is dense in X, by Thdorem 2.4

Now we are in a position to show that a Baire space remains invariant under an

almost open, semi-continuous surjection.

Theorem 2.6 Let f : X -+ Y be surjective, almost open and semi-continuous. If X

is a Baire space then Y is also a Baire space.

Proof. Let G = Ai Di be a countable intersection of dense open sets in Y.

As / is almost open and semi-continuous by Theorem 2.2, ft (SInt (X - G)) is

semi-open in X. Thus

/r (Sfnt(X - G)) : Slnt/r (SInt (X - G)), by Theorem L I

c Slntf ' (X - G), by Theorem 1.2

: Slntf' (X - ni Di)

: Slnt/r [X - ni,f' (D')] ( l )

Since D; is open for each i, semi-continuity of/implies that/r (Di) is semi-open

in X for each i and so there is an open set Vi such that Y, cft (D,) c C/ V;, for

each f. Thus X - aif '(D) c X - ni Vi. So from (l) we get,

;r lsInt (X - G)l c SInt [X - n, V,] (2)

Now by Theorem 2.3, ft (Di) is dense in X. So C/V, = X. Consequently V; is

dense in X for each i. Thus n;V; is a countable intersection of dense open set in X,

and as X is a Baire space, A;V1 is dense in X so that SInt [X - n;Vl = 0, by

Theorem 2.5. Hence from (2) we get,/r [SInt (X - G)] : $, so that SInt CX - G) = 0,
which implies, by Theorem 2.5, that G is dense in X. Thus Y is a Baire space.
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Remark 2'2 From Remark 1.2 (c) it follows that Theore m 2.6 is an improvement
of Theorem 1.5, Furthermore. Theorem 2.6 of ours and Theorem 1.6 of Frolik
does not imply any one from the other, because although by Remark r.2 (a) the
semi-continuity of Levine and almost continuity of Frolik are the same but feebly
open mapping and almost open mapping of Rose are independent to each other as
shown in the following examples.

Example 2.1

Letf : (n, U) + (fr, U) be defined by /(2) = 4 andl(x) : x otherw.ise. It is easy to
verify that f is feebly open. But considering the open set U = (1, 3) we see
l(U) :  (1,2) w (2/  3)  v (2,3) u {4}.  Hence Ct f lU) = [1.  3]  u {4} and so
Int C/lU) = (1, 3) rlu). Therefore/is not almost open.

Example 2.2

Let N be the set of natural numbers and t be the topologv consisting of all sets o
such that O = 0 or O: N or O: {1,  2, . . . ,  n, \  for  each n(> l )  in N. Let
"f.(n, D -+ (N, r) be defined by

JU) = l, if x is rational
= 3, if x is irrational and 0 < lxl < 3
=n, ifx is inationar andn-2 < lxl <n - r where n e N and > 4.

Let o be any open set in (fr, u). Then/(o) must contain r. So Intc/ r(o1 =Int N =
N :/(o). Hence/is almost open. Next we consider the open ser o = (0, l) in (fr,
u)' clearly Int o * {. Butfio) = {r, 3} and so Intl'o) = Q. Hence/is not feebry
open.

l .
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