
The Nepali Math. Sc. Report
Vo l .29 ,No .  l&2 ,2A09

Approximation of the Lip (€(t), p) class Functions
by Matrix-cesfro Summability Method

BINOD PRASAD DHAKAL
Burwal multiple campus

Butwal, nepal
E-mail : binod_dhakal2004@yahoomail.com

Abstract. The degree of approximation of frmctions belongi,rng, to, Lipo, Lip(a,p)

and Lip(f(t), p) class by cesd.ro, N6rlund, Euler and matrix summability method

has been determined ty number of researchers of Modern Analysis. Most of the

summability methods are derived from matrix method. In this paper, I have taken

product of two summability methods, matrix and Cesd.ryo; and established a new

theorem on the degree of approximation of the function f belonging to Lip (6(t), p)

class by matrix- Cesdro method.
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r. INTRODUCTION

Bemstin [3], used (C,1) means to obtain the degree of approximation function f by

lip I class. Jackson [6] determined the degree of approximation by using (C,6)

method in Lip o class, for 0<o<1. Results of Alexits [2], chandra [4], sahney &

Goel [l4], Sahney & Rao [15], Alexits & Leindler [l] for the degree of
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approximation of functions f elipa are not satisfied for n= 0, I or c = l. Above
mentioned results have been generalized by number of researchers like Khan
[7], Qureshi [ 10, ll,12 & l3], Lal & Nigam [g], Lal & Singh [9] and Dhakal
[5]; and determined the degree of approximation of a function f belonging
to Lip d, Lip (c,p) and Lip (€ (t), p) by using Cesiro, N6rlund, generalized
Ndrlund, Riesz, matrix and (c,l)(E,l) summability method. But till now no work
seems to have been done to obtain the degree of approximation of functions by
product summabiliqv of matrix means and cesaro means of order one i.e. T(cr). In
an attempt to make an advanced study in this direction, in this paper, a new
theorems on the approximation of function f e Lip (((t),p) class has been
established.

2. DEFINITIONS AND NOTATIONS

Let f be 2n-periodic, integrable over (-n,n) in the sense of Lebesgue, then its

Fourier series is given by f(t) - 
:^"* i {u" cosnt + b" sin nt)

n - l

( l )

with partial sum Sn(x).

I2l

The LP norrn is defined bv

and the degree of approximation E" (0 under norm ff llo i, girr.n by(Zygmund

TITD
E" (f) = min llr" - r llr,

where Tr(x) is a trigonometric polynomial of degree n.

Atunct ionf  e  L ipa i f  l f lx+t ) - f (x) l=O({" ) ,  for0< a<1.

llrll, =[T tr,,.,;'a*)i, n >r

b

L

T

i
@

It

l f r



f e Lip (a, p), for 0< x < 2n, if

t3l

/ \
= O ( | t l " l  O .  c r ( i ,

p >  l .

Given a positive increasing function ((t), p 2 l" f e Lip (€(t), p) if

( zn -  \ :

| [l (rtl< + t) - f(x)) ledx l' = o (€(t).
\ ;  )

It is observed that Lip (((t), p) --@-1 Lip(a, p) -P:b Lipcr.

@ n

fet lun be the infinite series whose nth partial sum is given by S" = Iu*.
n=0 ki-o

Cesaro means (c, l) of sequence {Sn}is given by on = 
* is. .

If oo -+S, as n-+co thensequence {sn} ortheinfiniteseries iu" issaidto
n=0

be summable by Cesiro means (C,l) to S.

Let T = (on,r ) be an infinite lower niangular matrix satisffing the Silverman-

T6eplitz [6] conditions of regularity i.e.

n

t  an , *  -+ l  as  n+6,  oo ,k  =0 , fo rk>n and t  lu " . * l= t ,  a f in i te
k-0 k-0

constant.

Matix- Cesaro means T (Cr) of the sequence {Sn} is given by

+ + l n - kt n = I  a n , n - k o n - k  = )  u n , n - * * I  S , .
k - 0  k - 0  u - l t ' 1 ' l r - o

If tn; s as n+ o, then sequence {Sn} or the infinite series i u 
" 

is said to be
':. n=0

summable by matrix- Cesdro means T (Cr) mithoa to S.

APPROXIMATION OF THE LIP. . .

( z n ,  
I

|  i l r f*+t)-r1*;; 'a* l ;
\6 '  )
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Important particular cases of matrix- Cesaro means are:

(i) (N,pn)Cr means, when on,n-k = &-, where p" =i p* *0.
.n  t_0

(ii) (fr, p") C, means, when &n,n-k = 
+3- n

(iii) (N, p, g) Cr means, ?n,n-k = 
\$, 

where R" =i pr go_r * 0.
tr k-0

We write

0(t) = f(x+t)+f(x-t)-f(x) (z)

K(n,t) = : i ; 
u";'-l 

:: 
sin2(n --k + t); 

(3)
2n f r  (n-k+t)  s in2|

3. THEOREM

Quite a good arnount of works are known for the degree of approximation of the

function f e Lipa, Lip (a, p) and Lip (((t), p) class by various summability

methods. The purpose of the present paper is to obtain the degree of

approximation of a function f elip (€(t); p) class by matrix- cesdro T (cr)

summability method. ,We prove the following theorem:

Theorem. Let f: R -+ R is 2n-periodic, Lebesgue integrable on [-n, r] and

belonging to Lip(€(t), p) clas.s then the degree of approximation of f matiix-

Cesiro means of Fouridr'series (l) is.given

ll,,' -r llo = o[,' +r)i E(#),

( 3 ) ' :

provided r = (a",r) be an infinite lower triangular matrix whose etements

(an, fl positioe airdfrroirotonic increasing in k with 0 < k <n such that

(4)

cfrer

and

Lcrt

Lt!.|

fui

(--
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&o,n-k =l  and

t5l

I
k=0

(4)

t +;:-i ;=of+l
k = o  n - k + l  [ n + l /

And € (t) satisfies the following conditions:

{ry} is monotonic decreasing
I t  )

l- r -r-l

I fitljgl'l' o, l' = o[_f],
L u ' t  E ( t )  ) - - )  

" [ n + r / '

-  - l|  '  r \ P  I t

I  Ti,  
.Jl ! ,) t  

l 'a, I  =okn+r)u)
Ljt 6(t) / )

K(n, t) = O(n + 1)

Proof: K(n,t)=*t #t 
*#a]D

l +  /=*E on,n-k  fu-k+ l )

['.' rinn0 < nsin0 < n0 for 0 < e . 1)
\ n /

(5)

(6)

t t )

(8)

where 5 is an arbitrary number such that q(1-5)-1 > 0, q the conjugate index of p

and conditions (7) & (8) hold uniformly in x.

4. LEMMAS

Lemma l :  Fo r  0 . t . 4  and fac t tha t  : l  <4  ro ,  0< t<1 .
n + l  s i n t  2 t  2 '

(e)
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=+i oo,n-k
L r v  k _ 0

_  n + l

2 n

= O(n + l) .

F o ,  
I  

< t < n
n + l

( ' - )
K(n't) = o|.r,,. 

rp1 
(lo)

K(n. t) = I i 
an,n-k sin2(n -k + t) *

2n  ?o  n-k+ l  s in2 |

=a i 
an,n-& TE' L-. r^--

'2n fr offi Jl' 
bYJordan'slemma

.  = f r  $ .  
a o , o - r

z t '  ( i  n - k+ l

'tr ( t \
=:+ Ol _ l, fromcondition(5).

2 t ' ,  (n+ l /

^ (  I  )= o[5;i;p,1'

Lemma 2:

Proofi
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5. PROOF OF'THE THEOREM

ns partial sum Sn(x) of the Fourier series (l) is given by

S" (x) - r(x) = + T Olty'in 
(n 1i)t o,

z n i  s i n j

The (C,1) transform i.e. on of Sn is given by

$(t) K(n,t) dt

= Jr * Jr, say.

f i fr 
' l-i 0rtl

n+1 f i  
' -u(x)- f (x))= z1*r t ;n ;  s in i

o"(x)-r(x)=*hj oar{Ht

The matrix means of the sequence {on} is given by

t u",u(ou(x)_r(x))=i or,rfir ##rio,
- \ , nor ) u","-u(o"-u(x)-r(x))=i orr l l i  .  -=sin'z(r-r-\+l) i  o,
k = o  o  2 n ? u  ( n - k + l )  s i n ' |

t"(x)-f(x) = 
I O(t) K(n,t) dt
0

I7l

I sin (k + |)t dt
k=0

dt

I
n a l  L

= J otrl K(n,t) dt+ J
0 . :

( 1 1 )

Applying Hdlder inequality, Lemma I and fact that Q(t) e Lip(((t), p) , we have,

l l

p,l = {T [!#]l'*it {1 [Ertlrr',,rll'*]t"  
f ; ' ( € f t l  )  )  L d ' [  t  )  )
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= o[El.4)) 
{J,-o.}*,., 

some 0 . ..fr, by second mean varue[ - \ n + r ) )  
L .  )

theorem for integrats. 
'

="(,[*)) ft#):]*
=o(("*r),-* ,(*))

=o((".'f e(fr))
Similarly for the J2, we have

r,, I sft fry)'*]* ft t*Stt',.]*
=o((n.,,,{Jt#)'*1*

=(n + rl' qt#J) 
ft 

, ,,, -,, 0,]* by condition (6)

= o((o +,)u €(#r) 
{t#).}-

=o((n + l)u €(#)) (" * t),-o- 
'

= o(,n+r;'-i etrirl)

(t2)

F

c
fr

f
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= o(rn *,l * Er#)) .

By (11), (12) and (13), we have 

(13)

It" - rl= (rn + rl i er;rl)

or llt" -rll,= 
"{j 

(r"+rl; e t-l)'o,.i

f  t  . \  f t r  t i=o 
[rn+r);€(#)J tJ 

*]

/  t  . \=o [ (n+t ) '€ (#)J .

tel

(14)

6. APPLICATIONS

Following corollaries may be derided from the theorem.

Corollary l. If E(t) = to, 0 < c ( 1, then the degree of approximation of a

function

f e Lip (cr, p), i. o < l, is given by

r ' )
ll,"-rll,="1 +l

[ ( n + l )  
o  
)

Corollary 2. If p -+ o in corollary 1, then the degree of approximation of a

func t ion f  eL ipcr , fo r0<a <1,  i s
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for0<a<1

, forcr= 1.

7.

8.
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