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Abstract:

in this paper, we have introduced and studied a new subclass TD^(a,8,(;n)of

:nivalent functions defined by using generalized Salagean operator in the unit

:isk U={z:lzl<1}. We have obtained irmong others results like, coefficient

.requalities, distortion theorem, extreme points, neighbourhood and Hadamard
:roduct properties.
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1. INTRODUCTION

Let A denote ,Ihe class of functions of the form

@

_ r k

f (z )=z+/aoz ' -
;k+2

which are analytic in the unit disk U = {z: lzl < t} '

In [4], Al-oboudi defined a differential operator as follows, for a function

f ( z )eA ,

oof(t)=f(z),

Df (z) = D'f (z) ==rt;Jrr//(z)+ )"2 f (z)

in general

D ' f (z )=O^(n '^ f ( t ) ) '

It f (z) is given by (1'1), then from (1'2) and (1'3) we observe that

D' f (z)= , * i;r +(k -r) )"]' aozo
k=2

te0l
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when ),=1, weget Salagean differential operator [7]'

Further, let Idenote the subclass of ,,4 which consists of functions of the form

f ( z ) = ' - l a o z o '  a r 2 o '
k=2

A function f(z) belonging to I is in the class D^(o' F'6;n)'if and only if

0.s)

(1.6)

w h e r e  0 < a < l l 2 € , 0 < P < 1 ,l l2 < €  . -1,  n el /U{0},  z e(J '

z f l@'f t '>) ' -"1-(n'71,1)' -t
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Let TD^(o, f  ,€ ;n) = T n D^(a, p,{;n)

te t l

( t .7)

I [r * (t -r) t]' rcir + p (26- t)] oo < 2 p( (r - a)
k=2  

.

0 < a  < l l 2 € , 0 <  B  < t , t f T < €  < t ,  n €  t / U { O } ,  Z  > 0 .

Proof. For lzl= l, we get

l , - ^  -  \ ,  - l  - l  . 1 , - . .  ; ,  1  f  ,  \ ,
llD' f ()) -l- pl2€l(o,,f G)) - " ll(o,, f @)
I '  |  |  L '  

-  /  J  L .
l - l l

= l-t I r + 1 r, - r) if' k o o,o 
-,1- 

olz6 1r - a) - z6ilr + (rr
I t : r .  

'  
I  I  r = z

2. MAIN RESULTS

Theorem 2.1. Letf(z) bedefined by (1.5). Then /(z) eTD^(q,f ,(;n),if and

onlv if

(2.r)

.*i 
[t + (t - r) t)" k ooro^l

k=2 |

= I [l * (k - r) s,)' rclr + p (2€ - r)f o, - 2 B € (r - o) <,0,
k=)

br hypothesis. Thus by maximum modulus theorem, we have

. l ' (z)  eTD^(a,  f  ,€ ;n) .

Conversely, suppose that f (z)eTD^(o,f ,(;n),hence the condition (1.6) gives

us

tl- r l l
, t l

J I

- l) )") 'k aozk-l

)rTn

I

I t D'r(z))' -t I

I

I
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I i;r *1r -t)).f 'k aozou I_ l  f5 '  |  ^

lzf 
(r - a'1 - Q€ -\nU + (/c - r) .tf' te o oro-,1

Since lRe(z)l .l"l for all z" we obtain

t i[r+(r -\t"f'roozr-, I

PE A-")-(2€ -r)l[r * (e - \s.]' r oo,r-' 
)

Letting z +l- through real valueg we get (2.1). The result is sharp for the
function

. f ( z ) = r -  r o ,  k > 2 .'  
[r+(*- r)rJ" tr lr+ p(zE-l)]

Corollary 2.1. Let f(z) eI belong to rhe class 1nD, (o, F,€;n), then

ItrrG Br.T

k. ire havr

I  -  ; .  l ' - t

i)

a * 1 -?F€(r-") k > 2 . (2.2)
[r +1r -)rf '  *lr+ p(26-r)]

Theorem 2,2. Let f(z)eT belong to the class TDr.(a,8,(;n),then for

14=, < l. we have

,-,,ff is1o,71,11sr+r2

,-,ffis1@'rc>)'l=,*,

f€  ( t -  
" )

t+ p(z( -r)

zf€ (r-a)
r+ p(z; -r) '

(2.3)

(2.4)

The bounds given by (2.3) and Q.g are sharp.
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Proof. By TheoremZ.I, we have

te3l

I[r * (* -r) tf" *lr+ p (26 -l)]oo < zB€ (t - a)
k=2

then, we have

z(r+ t) ' l t+ p(zE -r)for= t[t*(r-r)z] 'r[r + B(2€- l)],- szp€(r-d),
k=2.

thus.

)  a , . <
zp{ (r-a)

z(r+ s,) ' l t+ p(26 - l ) ]

Hence
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Ie4]

thus (2.3) is true. Further,

and

l@' r c>| l< r + 2r (r + n)' f,ar
l '  

' l  k = 2

zP((t*e)

,  , ,  
i r ' ' : * p e 6 _ t )

t .  . , 1
l( n' f e>\'l> | -2r Q + n)' 14
l '  

' l  t = z

, zp€(r-o)
- - t - r - - -

1+ B Q( -l)

lbn

hd

h s(:

U:cr

l- rd

The result is sharp for the function f (z) defined by

f(z)==_ff irr,  z=l 'r .

Theorem 2.3.Let n e NU{0},  X> 0,  0 3 a,  3 dz 1l l2€ '  CI  < p <l ' I l2 < 6 <l '

Then 7D, (o, F, €;n) c TD ̂(o* F,6;')

Proof. By assumPtion we have

Thus, f (z) eTD^(a, F.6;n)implies that

;D
a-t

,(4

I t l

I

E i ,+ ( r - r )2) 'oo=f f i+=f f ik=2

then f  (z)  eTD^(o, ,F,€ ;n)-
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Theorem 2.4.The set TDr(o,f ,€;n)is the convex set.

Proof. Let f,(z) =, -tor,,zr 1i =1,2) belong toTD, (o, F, (:n) and
k=2

let g(z)=erf,(z)+(r.fr(z), with ( and (z nonnegativeand (,*Cz=1,

We can write

g(z) =, -p(e,"r,, + (rao.r) zk .

It is sufficient to show that g(z) eTD^(o, f ,€;n)that means

S -

I[t* (rc -r) t]" n]+ p(26 -t)l((,a.,,+ (,o0.,)
K = 2

= €,tJ* (r - r),2]' rrlr + B (2€- I )] oo,, . f, i [t * (k - r),t f' rlr + B (z€ - t)f o 0.,
k = 2  k 4 '

s (, (2 p € (r - a )) + t, (z p 6 1r - ")) 
= (e, + e,) (z B e ( _ 

")) 
= 2 B t (t _ d).

Thus g(z) e TD^ (o, F,€;r).

we shall now present a result on ext!'eme points in the foflowing theorulit.

Theorem 2.5.Let f,(z)= z and

r  / , \ -  ' _ . -  2 0 € ( - a )  , k
-

ft +(t -t)2J" rclr+ p(26 -r))

f o r a l l  k > 2 ,  n e  N U  { O } ,  1 , > 0 ,  0  < . 6 g  q V Z € , 0 <  p  < 1 , 1 1 , 2 < !  < 1 .

Then /(:)is in the subclass TD^(a,0,{;n),if and only if it can be expressed

the form .f (z) =trr/ where lo 20 *O ir* = I or | = lt *irr
K=z k_2 k=2

te5l

,
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Proof. Let f(z)=irrro
k=2
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o

where Tr 20 nd lf o = l. Thus
: k-2

f (z) = r -L rr'r

and we obtain

In view of Theorem (2.|),this show that f (z) eTD^(o'f i;n)'

Conversely, suppose that f (z)of the form (1.5) belong to TD^(a.p,{;n)then

.  .  zp€e-a )  = ,  k>2 ."-  -  
[ r  +(r  - \ t f ' t [ t+ P(2€  - r))

and y,= I - i T*,thenwe have f(z) = Ttfr(z) +i,rofoG)'
k=2

K = Z

This completes the Proof.

3. NEIGHBOURHOOD AND HADAMARD PRODUCT PROPERTIES

Definition 3.1. t6l. Let yo ) 0 and f (z)'el of the form (1'5)'

The (k,y)- neighbourhood of afunction /(e)defined by

( * - '
N,o .,,(f)={ g . T : g(z}=' -tbo'* and f\ao 

-bo't1 }"1' (3'l)
t "  Ez k=2 )

2F€0-a)

[r*1* -r)Af' relt+ P(26-r)f

ir the ider

AIt  '  ( t , t

fl:rrem 3

tYrof. Let

. t -

- '  .  -  / - l  |  |
r L

l r t : , . re

f-
) a

=

s i -  . \ . '  ha \ '

11 ,'-,3'.r rri (

i - :r-  - : l .r \  e

k:::s. I

lSrtion l

q:lr .--. . .l

rlt

Putting

20€Q-a)
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For the identity function e(z) = z, we have

( q &

Nn,r,(e)= j s. T : g(z) = z -Zbozk and Z*lorl< y l.
I r=z k=2 )

Theorem 3.1. Let , = ' ?,fiQ-?) - -. Then TD^(a, B,(;n) c No.r@).
(r+ t) ' l r+ 9(26 - r)]  

-  / '  \- .

Proof. Let f (z) eTD^(o,f ,€;n)then we have

z (t + t")' lr + p 1zq- I )] i r, = i [r * (e - \ t]' tlr + B (z€ - t)lor < z p { (t - a),
k=2 k=2

te7l

therefore

io  =  F! ( r_a)  _ .
?i"k 

- 
(t + ,a")" lt + p (zg - l)] 

'

also we have for lt l .,
' a a

lf' rrll < t + lzl I kao 3r + rlkao.

In view of (3.3), we have

l f 'r4lSr+r' ?!=((r-") - '- ' '  
( t  + , t " ) ' l r +  p ( 2 € - r ) ]

From above inequalities we get

(3.2)

(3.3)

said to be a member of the

.rl(:) e TD, da, f), ;: r) sucl,

Zkoo =
k=2

2p((r-a)

(r+ t")" lr+ p1z6 -r1l

therefore, ..f (:) e It'o ,(c';.

Definition 3.2^ Tire tunction f(:) defined by (1.5) is

subclass 7-D,{a.fr.:.:,r)if t i iere e::its a funetion

thai

=
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lf t'> |
t : - l l < l  - ( ,  z e U , 0 < (  4 .
lg\z) |

Theorem 3.2. Let g(z) e TD^(a, B, (;n) and

E =t -Lro(o,F,€ ; r ) .

Then No,r( g)cTD^(o,F,€ ,e; n)where neN U{0} '  ) '>0,

0 < a  < l l 2 € , 0 <  P  < l , l f 2 < €  3 1 ,  0  s ( < l a n d

. (t + t\'lr+ P(zE -t)f
d(o,0,€ ' ' \= ' '  

i ;; '  ); i  ;-"i i  ^. '

Proof. Let f(z)eNo,,(g),th.n by (3.3) we have t4'r-bolsy,then
k=2

El"r-url=%
Since g(z) e TD^(a, F,€;r),we have

9€0-a)

W,

(3.4)

. i t z ) -  z

Foduct

TD,.(a=,

?roof. B,

t

s
L
k= '

rd

-
\i
L.
k =?.

I c har,e <

\.u. b1, C

-
t
LJ

t=2

r< rcd or

t ,
, - ( f , '

a;:r 3jgn1l

Zoo =
k=2

therefore,

, ilo- -r-l
f ( z )  , l  - f i ' -

r l  - . :

s\z) | t_Luo
k=2

sL( \!: t) ' lr* p(z! -r)1. .)+o@,f . ' ;n)=t-(.-  
r [ ( t  +t) ' l r+ B(2€-r) ] -p€( t -rz))  2 '

Then by definit ion 3.2,we get f(z)eTD^(o,f ,€,C;,).

Theorem 3.3. Let f (z)nd SG)eTD^(a,,p,(;n)be of the form (1.5) such that
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f (z) = , -iaozk and g(z) = , -iboro ,where ao,bo 20. Then

Iee]

the Hadamard

the subclass

(3.s)

(3.6)

(3.7)

K = Z

We have only to find thc largest a, such that

Now, by Cauchy-schwwzinequality, we obtain

we need only to show that

equivalently,

k=2

product h(z) defined by h(z) = , -iaoboro is in
k=2

TD^(ar,0,€ ;n)wh6re

- [ i* (r-\ , t f"  r lr+ p(zq-l)]-  2p€(t-a,),
g .  1 L  

\  t  J  L' 
[r+1r -r)t]' rfr+ B(zg -r)l

Proof. By Theorem2.l, we have

+ [r * Qc -r),t]' rlr+ p (zE -r)1
.(- r1.. : r

k=2 2B{l- ar)

and

J
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u00l

1 - g ,
< -L .

l - a ,

But from (3'7), we have

ConsequentlY, we need to Prove that

J6
But

5inss 
c +

c +

Theorem

Then d(:

?roof. Lel

B;- Theore

n F, lz

real

as

2BE0-a, )
",loobo 

=

or equivalentlY, that

- [r+1n-r)2]' klr. BAE-\l- 'zPE9A
a 2 - +=retl'r[r+BQ€-\]

Theorem 3.4. Let f(z)eTD^(a,f '€; ')be 
defined by (1'5) and c any

number with c > -l than the function G(z)defined

G(z) =*' ln-' t(s)ds, c > -l,also belong sto TD^(a' p'(:n\'

J 0

Proof. By vinue of G(z\ it follows from (1'5) that

1 : :  o  \

G(z) =+ fl .t" 
-f a^'so*'^ t'ds

-  n \  
! - : / .

, .  /  r \
\ : i ;  f ' +  I  t '

= z - ) l * ; l a , z
l _ "  r - c  

-  1 1

2F€0-a)  -  s \ -o ,

[H1r,-r1z]' [r + P(z( -t)f t-a'
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F [r * & -t)11' k r+ p(z( -r)

- r '*Qr_Dtl,  * lr* p(z€  _t)f(  c+l .)^
B u t  I t ^ ' \ ' "  

' / : ' J - ' : - L r ' { \ & b  r / l l  
" " ! .  ! a .  < 1 .

k = 2 W l ' * f r

Since $ s f and by Jlegle$ 2.1, Q-o- the pJoofis complete.
c + k

Theorem 3.5. Let f (z) eTDr(a, p,(;n ) be defined by (1.5) and

Ft(z) = (l - p)z * 1,'[$, (p>-0,2.U).

Then FoQ) is also in TD^(o,f ,€;r)if 0 < p <2.

Proof. Let f (z)defined by (1.5) then

" [ t - i o , r o  )
F,(z)=(t-p)2.;J+F'

" [  I
=" - i  Lo , ro .

fr tr  ^

By Theorem 2.1 and ,in", ( Ls l.)we have\ .r )

ur)'r =''< y
zB{(r-a)k=2

rnen 4,(z) isin ?"D, (a.B.t :nl
F  '  \  /  

,  : :
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