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Abstract:

in this paper, we have introduced and studied a new subclass 7D, (. S, &in)of
univalent functions defined by using generalized Salagean operator in the unit
disk U={z:|z|<1}. We have obtained among others results like, coefficient

nequalities, distortion theorem, extreme points, neighbourhood and Hadamard
product properties.
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1. INTRODUCTION
Let A denote the class of functions of the form

f(z)=z +i«akz* (1.1)

k=2
which are analytic in the unit disk U ={z:|z| <1}.
In [4], Al-oboudi defined a differential operator as follows, for a function
f(z)e 4.

D'f(z)=f(2).
Df(z)=D'f(2) =(1-2)f(2)+ 4z f'(2)
=P, flz) A20

(1.2)

in general
D'f(z)=D,(D"'f(2))

If f(z) is given by (1.1), then from (1.2) and (1.3) we observe that
D" f(z)=z+ 3 [1+(k-1)A] a7 (1.4)

k=2
when 4 =1, we get Salagean differential operator [7].
Further. let T denote the subclass of A which consists of functions of the form

1.3)

f(z)=2 —iakz*, a, 20. (1.5)

k=2

A function f(z) belonging to 4 is in the class D, (a,B.£:n),if and only if

(D'f(2)) -1 |
‘25[(0" @) _a]_[( 1) —1] p (1.6)

where 0<a <1/2£,0< <1, 1255 <], ne NU{0}, zeU.
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Let TD,(a.B.&:n)=TND, (@.B.&:n) (1.7)

2. MAIN RESULTS
Theorem 2.1. Let f(z) be defined by (1.5). Then f£(z) eTD, (e, p.£:n),if and

only if

i[l+(k-1)1]"k[l+ﬂ(2é‘-1)]ak <2pE(1-a) @.1)

k=2

0<a<1/2§,0<f<1,1/22£<1, ne NU{0}, 120.

Proof. For |z|=1, we get

(071)) - ll —5'2:[( D' f(2)) -a]—[(u"ﬂz))' —1],

k=2

=l-§[l+(k—l)/l]"ka,,z‘""

_ﬂ'Zf(l-a)—fo:[1+(k ‘I)A]nkak-’-'k_'

+i[1+(k-1)/1]"kak:""

< g[l+(k-1)z]"k[1+,6(2§—1)]ak -2p¢(1-a) <0,

by hypothesis. Thus by maximum modulus theorem. we have
-f(:) € TDA (a-‘ ﬂ’:; n)-

Conversely, suppose that f(z)e 7D, (@, B.£:n), hence the condition (1.6) gives

us

el
2:[( D'f(2)) -a]- [( D'f(5)) - 1],
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‘ —2[1’+(k -1)A]'ka,z*" Proef. By T

2£(1-a)-(26-1) 3 [1+(k~1) ATk g,z
k=2
Since [Re(z)| < |z| for all z, we obtain ‘ e we hav,

< 8.

i[l-&-(k-l),{]"ka‘_zk—l Al i)'[]
Re. k=2 . g L
2 (l‘“)‘(zi—l)g[l+(k-1),z]"kakzk-l

Letting z — 1" through real values, we get (2.1). The result is shérp for the
function | e

Zﬂ‘_f(l—a) 2t
[1+(k-1)a] &1+ p(22-1)]
Corollary 2.1. Let f(z)eT belong to the class TD, (a, 5,&;n), then
2 2p£(1-a)
[1+(k-1)AT k[1+p(2£-1)]
Theorem 2.2, Let f(z)eT belong to the class 7D, (a.B.&:n).then for

f(z)=z- k2. \D

k

k22 (2.2)

|z|<r <1, we have -

r—r’———ﬂé(l—a) S.'D"f(z)l_'<.r+r2_ﬂ§(l—a)

™
1+ 8(2£-1) 1+ 8(2£-1) 23)

2p5(1-a) 2p5(1-)
A .
1+ 4(2¢-1) 1+8(22-1)

The bounds given by (2.3) and (2.4) are sharp.

<

< <l+r

(D f(2))

(2.4)
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Proof. By Theorem 2.1, we have

Z[H(k—l)/l]"k[l+ﬁ(2.f—l)]ak <2p:(1-a)

then. we have

21+ 2) [1+8(2£-1)]a, sg[l-r(k—l),l]"k[Hﬂ(z;’—l)]ak <2p£(1-a),

thus,

gl 2p5(1-a)
kz FT2(1+2) 1+ 822 -1)]

D" f(2)[ < jz[+g“:1+(k -1)a] a2

<Jef+|f (1+2) S a,

k=2

<r+ri(1+2)' ) a,

2 ﬂé‘(l"a.)
-
1+8(2£-1)

Sr+

D" f(z)|= ]:I —gl[l +(k—l),1]" az
el-lef (1+4)' Yo

2r—r*(1+4)' > a,
k=2

» Pé(l-a)
l+p2(25-1)

2r=r
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thus (2.3) is true. Further.
<1+2r(1+4) D4,
k=2

2£(1-2)
=
1+ B(2£-1)

(1)

<1+

and

\(D" £ (z))' >1-2r(1+4) i,“k

k=2
L 2p2(1-a)
1+8(2£-1)

The result is sharp for the function f(z) defined by

I

RIPE

20=

Theorem 2.3. Let neNU'{O‘}, 120,0< 2, <1/28.0< <], /2L & <1.

Then 7D, (a,, B.&:n) € TD, (a;,B.5:1n).

Proof. By assumption we have

285 (1-a,) & 2p£(1-a) .
[1+(k=1)2] k[1+ B(2¢-1)] [1+(k=-1)2] k[1+8(2¢-1)]

Thus, f(z) € TD, (a,,f.£:n)implies that

[ o 2BE(-a) _ 2pE(-e)
> [1+(k-1)2] "*"k[1+;3(2¢-1)]5k[l+ﬁ(2§all)']

k=2

then f(z) eTD, (. B.&:n).

B = suf
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Theorem 2.4. The set 7D, (a, B.£;n) s the convex set.

Proof. Let f(z)=z- Zak J.z" (i=1,2)belong to 7D, (., B.&:n) and

k=2
let g(2) =<, £/(2) + &, /o (2), with ¢, and £, non negative and ¢, +¢, =1,

We can write

g(2)= z"i(‘:l“k.t +8,0,,) 2"

k=2

Itis sufficient to show that g(z) e TD, (@, 8.£;n) that means

g[l +(k=1)A]'k[1+ ,3(2.;-1)](4,11,,‘_, +6,a,5)

= g,i[l+(k-1)/1]"k[1+/3(2¢-1)]a,,_, +§zg[l+(lt—l)/{]"k[l+,B(2.f—l)]ak_2

k=2

<4 (282(1-a))+ &, (282 (1-)) = (6 + &) (282 (1-@)) = 285 (1-a).
Thus g(z) e TD, (a, B.&;n).

We shall now present a result on extreme points in the following theorem.
Theorem 2.5. Let f(z)=z and

25(1-a) k

[1 +(k=1)A] k[1 +B(2&-1)] k

SLi(@)=z-

forall k22, ne NU{0}, 220,0<a<1/2£,0< <1, 12< 2 <1.

Then f(z)is in the subclass D, (a, ﬂ,g‘;n), if and only if it can be expressed in

the form f(z) =3 7,2" where y, 20 and 3 7, =1 or 1=3,+Y7,.

k=2 k=2 k=2
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U

Proof. Let f(z)= Zy,,z where 7, >0 and Zy,, =1.Thus

k=2 k=2

'° 2ps(1-a) S
kaz[l-i-(k -1)A] k[1+p(26 - 1)]

f(o)=

and we obtain

[1+(k ~1)A] k[l+ﬁ(2§ -1)]
2p£0-a) &t

=i}’k=1—}"51-

k=2

In view of Theorem (2.1), this show that f(z)eTD, (a.B.E:n).

2p6(1-)
[1+(k=1)AT k[1+ B(26-1)]

Conversely, suppose that f(z)of the form (1.5) belong to TD, (a.p. £:n) then

L s k>2.
[1+(k —1)a] k[1+8(26-1)]

Putting

_ [1+(k-1),1]"k[1+ B(2£-1)]
- 2pE(-a)

and 7, =1- Zn,then we have f(z)= 7.f(z)+Znﬂ( 2).

k=2

This completes the proof.
3. NEIGHBOURHOOD AND HADAMARD PRODUCT PROPERTIES

Definition 3.1. [6]. Let 7, 20 and f(z)eT of the form (1.5).
The (k.y)— neighbourhood of a function f(z)defined by

Nyn(N= {geT g(2)= z-sz‘ and Zkla,,-b |< y} (3.1)

k=2

For the idel

N, (k]
Theorem 3
Proof. Let

31+
&ciorc

3
s we hav

¥ vew of (

P zbove
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For the identity function e(z) = z, we have

N(,,_”(e)={g el :g(z) =z—Zbkz" and Zk[b,,IS)f}. 3.2)
k=2 k=2
2p{(1-a)

Theorem 3.1. Let y = Then 7D, (a, B.&:n) c N, (e).

(1+4) [1+8(26-1)]
Proof. Let f(z) e 7D, (e, B.£:n)then we have

2(1+4) [l+ﬂ(2§—l)]gak sg[l+(k—l)l]"k[l+/3(2§—l):|ak <2p£(1-a),

therefore

- ﬂé—(l_a) | 3.3
éa‘ S(1+,1.)"[14»/3(2;»'--1)]’ i

also we have for |:] <r

| |f(2)] _<.1+[z|i:kak <1 +rika,t.
k=2 k=2

In view of (3.3), we have

]f'(z)|.<.1+r

From above inequalities we get

% 2p5(1-a)
ka < =
2 "<(1+A"[1+,3 E 1)]

therefore, f(z)e N, (¢}

Definition 3.2. The function 7(z) defined by (1.5} is said to be a member of the

subclass 7D, (. £.5. 2. n)if there evits & function g(=)< 7D. (e, f.5:n)such

that
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1@
g(2)

Theorem 3.2. Let g(z) € TD, (a, B.&;n) and -

<1-¢, zeU,0<¢ <.

g =1—§-d (@, B.&;n). (3.4)

Then N, ,(g) € TD; (&, B.£.&;n) where ne NU{0}, 120,
0<a<1/28,0< B <], 1/2<£<], 0<¢ <land

(1+A)'[1+8(2£-1)]
(1+4)' [1+8(25-1)]- BE(1-a)

d(a,B.&n)=

Proof. Let f(z)eN,,(g).then by (3.3) we have > k|a, —b,|< 7. then

k=2

S la, —b,| <4 .
;I“Jr A A
Since g(z)eTD, (a.B.&;n), we have

< Bé(1-a)
blt S n ?
é (1+4) [1+B(2£-1)]

therefore,
S la, -5
.f_(zl_.l < élak kl
g(2) 1-i b

k=2

<1( (1+4) [1+8(2£-1)]
“2( (1+4) [1+8(26-1) |- pE(1-a),

Then by definition 3.2, we get f(z)eTD, (@, f.¢.{:n).

=§d(a,ﬂ,§;n)=l-4’.

Theorem 3.3. Let f(z)and g(z) e TD, (&, 8.£:n) be of the form (1.5) such that

f(z)=z

}lOdUCt

D, (a,,

We have (

Now, by (

-M,

Lod
L)

we aeed or
1+ (k-

sguvalent]




NEW SUBCLASS OF UNIVALENT ...

f(z)=z-ia,,z"and g() z-Zb,,z ,wherea, b, 20.Then the Hadamard

k=2 k=2

product  h(z) defined by A(z)=z-) abz'is in the subclass
k=2

TD, (&, B.£:n) whére
[1+(k ~1)A] k[1+B(2£-1)]-2501-,)’
4 [1+(k-1)AT k[1+ p(26-1)]
Proof. By Theorem 2.1, we have

i[l+(k-l)l]"k[l+ﬂ(2{—l)]
= 2pc(1-a))

a, <1

i[l+(k-l)/1]"k[l+ﬁ(2¢‘-l)]
k=2 2p5(1-a)

We have only to find the largest «, such that
2 [1+(k-1)AT k[1+ B(25-1)]
k=2 2p5(1-a,)
Now, by Cauchy-Schwarz inequality, we obtain
2 [1+(k-1)A] [1+8(2£-1)]
é YT . Jab, <1, (3.7)
we need only to show that
[(1+(k-1)AT k[1+ (26 - 1)] (-1 AT k[1+ p(2-1)] T
26 (1-a,) 45 2p¢(1-2,) %%

equivalently,

ab, <1.
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2ﬁ§(1‘az)

)A] k[1+8 ——1)]
[l.+(k-l)).‘]" k[1+p(2¢-1)]

- [1+(k-1
Jaib, < 2pE(1-a)

But from (3.7). we have

2060 -a))
Jabi < [1+(k=1)4] [l+ﬂ(2 ]

Consequently, we need to prove that
2BE(1-a,) I

[1+(k-1)2] [1+8(2£-1)]

or equivalently, that
az_[l+(k ~1)2] k[1+B(25-1)]-2850 - a)
[1+(k-1)A] k[1+B(25 - 1)]
Theorem 3.4. Let f(z)eTD; (a,B.£:n)be defined by (1.5) and ¢ any real
G(z) defined as

number with ¢ >—1than the function

G(z)= c+1 s f(s)ds, ¢ >—1,also belongs 10 D, (a, B.£:n).
G

Proof. By virtue of G(z) it follows from (1.5) that

Gz )=”—+—le S'a s'“‘-'\dv

L=7

7 1\

L _L
TRy e
.‘-‘

N

’_u'v

e\ & X

Then F(:
Proof. Le

v Theore

& .
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" : [l+(k-l)¢1]"k[l+ﬂ(2§‘l)]("+l)ak <1,

k=2 2p£(1-a) c+k

Since c—+,1 <1 and by Theorem 2.1, so the proof is complete.
c+

Theorem 3.5. Let f(z)eTD, (e.p, &;n) be defined by (1.5) and
F”(z)=(l—y)z+y]f+?lds (£20,z€U).
LG

Then F,(z)isalso in TD, (@, B.&:n)if 0< u<2.

Proof. Let f(z)defined by (1.5) then -

:{S-Zaks"

F(2)=(1-p)z+p IL———
0 h)

=7z

o
E4 7t
k
k=2

By Theorem 2.1 and since (f < 1) we have

= [1+k=DA]" k[1+B(28-1)] ( )
- 2p5(1-a) ( Jak

e[l k=aT K1+ (22 -1)]
A

)ak -

then £, (2)1s in 7D, {a. B8.£:n).
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