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On the Approximation of Conjugate of
Functions Belonging To Lip {€(t), p} Class By

Generalized Ntirlund Means
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Abstract: In this p.uprl, the degree of approximation of conjugate of fi.rnctions
belonging to Lip {E(t)p} class by generalized Norlund means of conjugate series
of Key words: model, indirect technique, ratio, parameters, mortality, deaths.
Fourier series has been determined.

1. INTRODUCTION AND DEFINITION

Qureshi ([6]) has determined the degree of approximation of function i(.),
cor{ugate of a function f e Lipa ,Lip(a,p) by Ndrlund method .The purpose of
this paper is to generalize above result in two ways and,to determine the

approximation of r(*), conjugate of a function feLipft(t)plchss, by
generalized Ndrlund means
Let f be periodic with period 2n andintegrable over(-,, r) in Lebesgue sense. Let
its Fourier series be given by
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r(t): jae *I(u" cosnx+bn sinnx)= iuo*ie,(*) (l)
n - l

n=l
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The conjugate series of the Fourier series (1) is given by

i t"" sinnx-bn cosnx)=-in"1*1 . (2)
t j
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and the degree of approximation E, (f) is given b1' (Z1,gmund [S] )

E" (f )= -inllf - r" ll,
where T" (*) is a trigonometric polynomial of degree n.

A function fe Lipa if lf(x + t)- f(-)l =O( ltl" ) , for 0 < cr < l.

f (x )eL ip(cr .p)  for  0<x<2r  .  i f

( 2 1  ) ' o

I  J l r t - * r ) - r ( x ) leax l  
=o (  l t l " ) ,  0<s< l  (McFadden [5 ]  ) .

\ o  )

Given a positive increasing function e(t) *a an integer p ) l,

I(pywords antpfrrases: l-ip{{(t),p} class of functions, Fourier series, Degree of

approximation . Gene ralized Ncirlund means.
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f(x)e t-ip(3(t).p) if

(  en ,
I t lf(x + t,)- r(t)lpa*'); = o(e(t)) lsiadiqi [z]1 . (3)
\ {  

'  
)

Iu" be an infinite series having its nth partial sum sn = 
Iun

n=0 r'=0

f  )  , (  ) ,

{pn } and tq" } be t\l'o sequences of real numbers such that

n
s-r

Rn == 
)p*gn- r .  +  0  Vn )  0 .
k=0

For any sequence {s" } u'e u,'rite

n=l

Let

Let
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10.o I +
L ; "  = ;  

LP l9n- rSn- r  .
r \n k-0

The generalized Norlund transform of the sequence {s"}is the sequen.. {t;r}.rr

tf'q +s,as n-+o,then the series iu" or the sequence {s"} is said to be
n=0

summable s by generalized Ndrlund method (N,p,q) and is denoted by
Sn e S(N,p,q).

(Borwein [])

The necessary and sufficient conditions for a (N, p, q) method to be regular are

and pn_r=o( lR" l  ) ,  as n i6,  foreveryf ixed k >0forwhichq,.  *0.

The (N, p, q) method reduces to the Ndrlund method if qn = I for all n. The

method (N, p, q) reduces to Riesz method (fr,q")if p" =1, for all n.When
/  . \

p"  =( l : f - ' / ,  o)0,  andgn =l  Vn,themethod (N,p,q) reducesto(C,a).

We use following notations:

,1,(t)= r(x + t)-r(x - t), i(*)= 
; I-0*ridr

0

2. MAtrN THEOREM

We prove the following:

flTuorenc Let the regular generalized N0rlund method (N, p, fl be defrned by a
non- negative, monotonic non-increasing sequence {p"}"nd a non-negative,
monotonic non- decreasing sequence {q" }of real constants such that

gnpn = O(R" logn) with n > no > l. (5)

If f :R -+ R is a'2n periodic, Lebesgue integrable and belonging to Lip(((t),p)
class, 6(t) is positive increasing function of t salisfying

l r  l  r l

(4)

n

f  ln"-ue *l= o( In"l  I
k=0
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= or1)
\ n /{rw','}' (6)

and

{lfryJ'4*=o("u)(7)

where 6 is an arbitrary number such that q(l- 6)-l>0, q th. conjugate index of p
and the condition (6) and (7) hold uniformly in x, then degree of approximation of

i(x),conlugate of f e Lipft(t)p) ,Uy generalized Ndrlund means
- P ' q  I  n

t n (.): +Ip*q"-o sr of,the conjugate series (2) is given byR" f t '

l l  - p ' q .  -  l l  (  t  / r \  )
l l  '" (")-r(.)l l  =ol ntel _ lrogn I rrr
l l  l lp  \  \n/  )

"3. LEMMAS

The following lemmas are required for the proof of our theorem

-cemma 1 (McFadden , 1942),If {p., } is u non-negative non-increasing sequence
f o r  0 < a < b s n  , 0 < t < n  t h e n

and {q" } is u non.negative
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( R " t  )

4. PROOF OF THE THEOREM

The nth partial sum of conjugate Fourier series is given by,

i, (*) = -*1 ."tlv(t )*. *r 
t:'(i -li)''n,..

sm-
2

i" (*)- e*f ."tjv(t)at; = 
* t

By taking (1.{, p, q) means of S"(x) , we get

.orl.n - t 1).
\  2 )

v(t)at.. t
sm*

2

t
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\

.
sm
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,or[n-r.*1'),-P'q -(x)= I 
fr(t)I 

\ 2) 
att"  (x)-f .  ,  2rR, n . . ,^. .1P.q"-*-t

,  ( + , )  n=#|l.l,l-ux
=I,  + I r .

Applyurg Holder's inequality and the fact

rr,r = z"k. {lfW',,}*] {***,
I'"({trs)'4'

="f+)"f,f+ll[i*o,lt, ror some 0 ... *
\ n /  l . ' \ n / / [ :  t - "  

)

by second mean value theorpm for integral.

="(""[*)) (,0)

Similarly, as above, we have

,,,, = | l[#I "l* [x#tw)',,]*

= o f

- o

= c

=o[,

= o (

=o(,

Combining

Following (

Com[ary |
to Lipo, f
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= 
"6,fil1gol'*l* , by (7)ndr-emma2

Li( 
t-otRn / J

o(.,){*{l#)'{*

= "i*"ifu{#}'#]',,aking, = }
L t r \  )  J

= 
{+r(*)F.,*n'of 

*, 
o'n,* varue theorem

="(+{*)[W;,
=o(nilg(*)roen), by (5) and hypothesis of theorem

( l  l )
Combining from (9) to (l l), we have

ill"o''1*;- ;,,.,11 = 4^^e[') "*")lt ll, \

n r5l

5. COROLLARIES

Following Corollaries can be derived from the theorem.
Qorol[ary t r 6(t)= t" then the degree of approximation of a function beronging
to Lipo, *. o .l is given by
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Qorolkry 2 tf p -+ oo in Cor.l then we have for, 0 < cr < I ,

l t l l
ll;"" (,.)- ;t.lll = 

"fre+ll l  l l  \ n " /
Wnor&-An independent proof of Corollaries (l) and (2)can be developed along

the same lines as the theorem
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