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Abstract. We prove the Parseval's identity for low-dimensional Nilpotent Lie
groups such as G5,6 and G6, 15 which are important for proving Hardy uncertainty
principles type results.
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I. INTRODUCTION

Let g be an n-dimensional real Nilpotent Lie algebra and G : exp g be the
associated connected and simply connected Nilpotent Lie group. Let {x1, ..., Xn}
be a strong Malcev basis of g through the ascendin-e central series of g. In
particular, RXr is contained in the centre of g. We introduce a nonn function on G
by setting for

x: exp (xrXr + ... + xnXn) e G. xi e fr

l lxi l : (xr2 + x22 +... + *n2)t'2

The composed map

frn --> g -> G, (xr, ..., xn) * * ,X , ]
| 

')

n ( n
I xiXt -> exp I IJ J r l

I
j  =  I  \ J  =
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is a diffeomosphism and maps Lebesgue measure on frn to Haar measure on G. In
this manner, we shall always identify g and sometimes Gr as sets with frn. The
measurable (integrable) functions on G can be viewed as such functions on frn.
The measurable (integrable) functions on G can be viewed as such functional on
frn.

Let g denote the vector sp?ce d],al of g and {X,*, ..., Xn-} the basis of g- which is
dual to {Xr, ..., Xn}. Then {X,*, ..., xn-; is Jordon Holder basis for the coadjoint

action of G on g*. We shall identi$, g- with frn via the map i : (|r, ..., €n) -+ i

€.i 4- and on g*. We shall identify g- with frn via rhe map i :

(, \- and on go we introduce the Eucledian norm relatir.e to
Xn'), that is

l l , l l
l lZE x.,ll = (EJ +-E' + ...+ 4n')' ' ' = 116ll.
l l . r = r l l

For an operator T in a Hilbert sia..e su.h that T*T is a trace class. llTllss will
denote the Hillbert Schmidt norm of T.

2. THREAD LIKE NILPOTENT LIE GROUPS

For n > 3, let gn be the n-dimensional real Nilpotent Lie al-eebra with basis
Xl, ..., Xn and non trivial lie brackets [Xr, Xn_r] : Xn_2, ..., [Xr. Xz] = Xr.
gn is a (n - l) step Nilpotent and is a product of RXn and the abelian ideal
n- l

I RX.i. Note that g is the Heisenberg Lie algebra. Let Gn : exp (gn).
j =  l

n-l
F6r { = I €.i 4- e gn*, the coadjoint action of Gn is given by

j : r

Ad- (exp (tX") E = "J r, (€, t) 4-,
j = r

where for i <j ( I - I, P.i (€, 0 is the polynomial in t defined by
i-l

P:(€, t): "I (t/k!) (-1)k tk €i_ri
k : 1

j = r
n

{(r ,  . . ' ,  €n) -+ I
j = l

the basis {Xr ' ,  . . . ,

I

I
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The orbit of I is generic with respect to the basis {X1-, ..., Xn*} if and only if

,lr * 0, and the jumping indices are 2 to n. The cross section XE, for the set of

generic orbit is given by,

Xgr {(: (€r, 0, 63, ..., 6n-r, 0) : Er e fr, (1 + 0}

For ( e gn', let n6 denote the ineducible representation of Gn, absociated with 6.
Then the mapping 6 -+ ni is bijection 

9f 
X, and the set of all generic inedicible

representation. Plancherel measur. on 6n is supported by these zrq. Denoting by F
the fourier transform on R*r, it follows that the Hilbert Schmidt noirn of the

operator. n_i (0 , f e Lr n L2 1Gn; is given by
2 "

l ln< (0lln, = 
J F f{p' (q, t), ..., Pn-r (€, t), t - s}'ds dt

R2

The following group of lower dimensions such as G5,6 and G6, 15 sre found in [8].

3. PARSEVAL IDENTITY FOR Gs.6

I - ' - ' t G : G s . e : R 5

(xr, ..., xs) (yr, ..., Y:)

= (xr +yr +x+y: *xsyz*x+xsyc*l*, yo' *I*r 'r,  ** xz* yz*xsyr *|.*r '  ro,

x: * ys * xsy+, xa * ta, x5)

\: .  . . . ,  *r)-t:  (-xr + x2X5 * x:& - 
l .*r*r '- i*

I-1*0X25, -X3 * X+x5, -xa, -xS)

For.v '- t ,  1,2 e R2

:li (0 0 (yr, ),2) = 
I ttlti ft€r (-xr * XzXs * xr&

fi'

l )-xz * XlXs - i x+x"s, -Xt t X4X5, -X4, -xs) 0 (yr, yz) dx
-

f  ^ . .  |  )  |  7  I  1= 
J t(*) exp 2m [-xr + x2X5 * X3Xa - 

lxtx's 
-1*'o xs + 

f, x+x"s
tR5

1 )  |  7  .  l 1
I 

1x'+xs-6 *o*" - (-xs + x+xs) y1 t xax5/r - 6 *'ryt +

l ls l

+ Xs * 
| t*'r, -xz * xrxs

l . ' l t- i x tx 's - i * -o* t l .
+ 

6 
x4x"s,
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I  ,  I  r .  I  )  |  ?

1xsf t 
-(-xz*xsXs -1qx-ily,-|xqx-s Yz -,x4.xsy-2-

1  .  ' ,  I  
"  

|  1 -  .

i.*"y'r-i,x'sytyz-i*tyty"rl 0 (yr * xq,Y2+ xs) dx

,  
x 4 - + X + - Y r , X 5 * x 5 - / 2

f ^ ,

J f(*r, x2, xlo :q4.:: )l: xs -.Yz) exp 2ni [-*t + x2(x5 = y2) ,

n5

.  I  . ,  |  .  . ?
- xs(X+ - yr) - i *, (*r - yz)' + x3yr - 6 

(xs - yz)' yr +

t. l
7 t"r 

- yz) yJ + x2yz- xr(xs -y) yz-if*- yr) (xs -y) y22 -

= J
" n 3

11n5, (f)ll2e6

G
(r
t
fi
R

:'

= l
I

. $ +

: r t

I .  . 1  ,  l .  . ?  1 .
i {*r - rr)' yr' -i(xs - yz)2 vvz--)(xs - yz) vvzz)Elo(v, xs) dx

= 
I ttl, X1: Xp, X+ - Yr, xs: Yz) exp [2ni ((-xr + Xzxs - *rl tv -]

(*, - yr)'- (xs - y)y)* + U(yr, y2,Xq,xs) 6r) $(x4, x5) dx

rl, (r,, yz, x+, Xs) f(x1, x2, X3, X4 - Yr, Xs - yz) exp -2ni (xfi1-

xzxs6r - xr [v -]e, -vz)z- (xs - v2) vrl Er -

U(yr, yz, xq, xs)€r) dxr dxz dxr
1

= Frzg f(€r, -xs €r, -[xa -; (*r -y)2- (xs - y) yz)

€ r ,  xe -  Yr ,  Xs -  yz)  exp 2niU(y5Y2,xq,  xs)  € r

= 
I t *1, (yt,yz,x+, xs)12 dyr dyz dv dxs

fi'

lFr23 f(€r, -Xs€r, -[xu - 
t f*, - yz)2 -(xs - yz) yz]

x+ - yr, xs - yz] dyr dyz dx+ dxs
- l  - l

*r - 
€, 

X5, x4 - 
6*o
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I  .  _  n (  i ,
* I lFrzr ((r, xs, &. [t f tbl er1

'ffi 
" 

- ,, - ff 
- ,,) ,r, dvz dx, dxs

Er, yr, yz)12 dyr dyz dv dxs

,3 J lFrs f(6r, ur x+ * (t tf \ - yzo) v,, vr)l'
bI eir

dyrdyz dv du

v -+ ***yz2 it* yz u

* [ ;Fr f(fr, ur X4, yr, yz)12 dyr dyz dx+ du
br mi

= +, I F, r(€, u, \r/, ]r, yz)12 dyr dyz dw du
br ni

G = Go, rs = fr6 

4' PAR'EVAL IDENTITY F'oR Ge' ts

(x r , . . . , x6) (y r , . . . , y0)=(x r+ I r *xoY+,va+yz*xsYe,xs*Ys*XoY5,X l *Y+,Xs*Ys,

xe + yo)

(xt, x2, ..., xo)-l = (-xt * x+X6, -Xz * &x5, -X3 * x5X6, -)q, -x5, -x6)

F o r { e L 2 ( n )

f ( tr(r .Ez.(r, tu) 0 (y),  1z+0
f  ^ , .= 
J ff*l n1t,\z,Er, fu Gxr * x+x6, -Xz * x4xs, -x3 * XiX6: -X4, -X5, -x6) 0 (y) dx

s6

= 
{ 

q,.) exp 2ni [(-xr + vv.e) €r + (-xz + x4xs) €z + (-xr * xs& -xsxo) Er*E
n6

' t l 7 ]

) ' . / - * ,  )  ) "-Yz1 + 
[€ ,  

-Yz)Yz)rr

1 l
Yt -+-Yt -E;&, Yz+-Yz-t*, :

= 
# I lFrzr f(6r, x5, & *$vr'- lr (l: . i,.r))bt ,rl



l ls l CHETRAJBHATTA

t ^
(-xoy -1*'u€r) - xo€r + vyl 0(y + €zxs + €rxo) dx

l *  l .
lFr I r(X1, X2, X3, X4,*(*r, -y -E,xo), xo) exp [(-x1 + xexo) fr + (-x2 + x+
;g2l 

"Jo 

92

1  t "  I  .  - . .
(; (*r - Y - €rxo)) 1z + G xr €r) * il C *uv - ix'z €r) - xo€o + x4vl $ (x5) dx
5 Z '  9 2

l r l

,h | (*r, X2, X3, a,;(xs - y - f r, xo), x6) exp. 2:rr[- xr€r - xzEz- xr(r +
;521 

"ru 
t2

E r l
X4x5 * i (- *uy -i*u' €r) - xo€ol 0 (xs) dx

-r-.1

? (ra,, ,r,83, e) is the integral operator on L2 (9) where kemel is

Kle,, er,E3, €5) (y, *rl = 
# j {*,, X2, x3, *0,* (xs - y - 6r xo), xo) exp. (2ti)

[. i,*,€, - XqXs * 
ff t*u, .] J 

*'uEr+ x6€61 dxr dxz dxt dru dxs

5 J 
FrFzF:F+ (Et, Ez,Er, *, 

* 
(xs - v- lrr'e), x6) exp (-2ni)

t fi t.r, 
*|*'uq,; + x6xol dr'o

ll? ("e ,,E2, er, tu)ll2 
= 

I llklre,, er, er,eor (y, x5)12 dy dx5

I  . ,  .  
" '  

,

- J I J r' Fz Fi F+ (1r,12,€r,-x5,g (xs-Y-€r Xo,xo)exp. (2ni)
15zt *'r ei

F .  l -
( 
ff 

(*uv *)*', €r) + xr€o) dx6l2 dy dx5

y-) y - l*rE,

t .

L

t.
{

t-

6-

7.

f
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I  r t  r - * - -  . ?  ?  F  l ,  l -

Et J I J FrFzFrFq (Et,\z, €3, -xs, p" (xs -y -r€rxo), x6) exp (-2ni)
l:zt 

9l': ,1 \z

(fr (*ur + x6€6) dx6l2 dy dx5

tlel

l .
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